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Abstract.The Corlette-Donaldson-Hitchin-Simpson’s correspondence states that,
on a compact Ka¨hler manifold (X,ω), there is a one-to-one correspondence between
the moduli space of semisimple flat complex vector bundles and the moduli space of
poly-stable Higgs bundles with vanishing Chern numbers. In this paper, we extend
this correspondence to the projectively flat bundles case. We prove that there is an
equivalence of categories between the category of ω-semi-stable (poly-stable) Higgs
bundles (E, ∂E , φ) with (2rc2(E) − (r − 1)c21(E)) · [ω]n−2 = 0 and the category
of (semi-simple) projectively flat bundles (E,D) with
√−1FD = α⊗ IdE for some
real (1,1)-form α. Furthermore, we also establish the above correspondence on some
compact non-Ka¨hler manifolds. As its application, we obtain a vanishing theorem
of characteristic classes of projectively flat bundles.
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21. Introduction
Let E be a complex vector bundle of rank r over a compact complex manifold X .
A connection D in E is said to be projectively flat if the induced connection in the
principal PGL(r;C)-bundle is flat, or equivalently, the curvature FD takes values in
scalar multiples of the identity endomorphism of E. The bundle E is projectively
flat if and only if it admits a projectively flat connection. The moduli space of
fundamental group representations and the moduli space of flat vector bundles are
related by the Riemann-Hilbert correspondence. A Higgs bundle (E, ∂E , θ) is a
holomorphic bundle (E, ∂E) coupled with a Higgs field θ ∈ Ω1,0(EndE) satisfying
∂Eθ = 0 and θ ∧ θ = 0. Higgs bundles were introduced by Hitchin ([12]) and
developed by Simpson ([27, 28]). Under the assumption that (E,D) is a semi-
simple flat bundle over a compact Ka¨hler manifold (M,ω), the theorem of Corlette
([3]) and Donaldson ([9]) on the existence of harmonic metric implies that there
exists a poly-stable Higgs structure (∂E , θ) on E. On the other hand, by the work
of Hitchin ([12]) and Simpson ([28]) on the Hitchin-Kobayashi correspondence for
Higgs bundles, one has a correspondence between the moduli space for semi-simple
flat bundles and the moduli space for poly-stable Higgs bundles with vanishing
Chern numbers. The motivation of this paper is to extend the Corlette-Donaldson-
Hitchin-Simpson’s correspondence to the projectively flat bundles case and the
non-Ka¨hler case.
Suppose E is a projectively flat complex vector bundle over a compact complex
manifold X with rank r and c1(E) ∩ Ω1,1(X,C) ∩ Ω2(X,R) 6= ∅. Then we have a
connection D in E such that its curvature satisfies
(1.1)
√−1FD = α⊗ IdE ,
where α ∈ 2πr c1(E) is a real (1, 1)-form. A subbundle S ⊂ E is said to be D-
invariant if De ∈ Ω1(X,S) for any e ∈ Ω0(X,S). We say (E,D) is simple if it
has no proper D-invariant subbundle and (E,D) is semi-simple if it is a direct sum
of D-invariant subbundles. Given a Hermitian metric H on E, there is a unique
decomposition
(1.2) D = DH + ψH ,
whereDH is a unitary connection and ψH ∈ Ω1(End(E)) is self-adjoint with respect
to H . In the following, we denote the (1, 0)-part (resp. (0, 1)-part) of DH by ∂H
(resp. ∂¯H) and define
(1.3) D
′′
H = ∂¯H + ψ
1,0
H , D
′
H = ∂H + ψ
0,1
H ,
(1.4) GH = (D
′′
H)
2 = ∂¯2H + ∂¯Hψ
1,0
H + ψ
1,0
H ∧ ψ1,0H .
One can check that
√−1tr (∂¯Hψ1,0H ) =
√−1trGH is a real ∂-closed and ∂¯-closed
(1, 1)-form. Furthermore, for any other Hermitian metric K on E, we have
(1.5) GH −GK = 1
4
D(h−1DcK(h)),
and
(1.6)
√−1tr (∂¯Hψ1,0H )−
√−1tr (∂¯Kψ1,0K ) =
√−1
2
∂∂¯ log det(h),
3where h = K−1H , DcK = D
′′
K − D
′
K . Hence we can define a fixed class in the
Bott-Chern cohomology,
(1.7) BC(E,D) = [
√−1tr (∂¯Hψ1,0H )]BC ∈ H1,1BC(X,R).
Since
√−1tr (∂¯Hψ1,0H ) is d-exact, ifX satisfies the ∂∂¯-lemma (speciallyX is Ka¨hler),
then
(1.8) BC(E,D) = 0.
A natural question arises as follows. For any real (1, 1)-from ζ ∈ BC(E,D), does
there exist a Hermitian metric H on (E,D) such that
(1.9)
√−1GH = 1
r
ζ ⊗ IdE?
In particular, if BC(E,D) = 0, does there exist a Hermitian metric H on (E,D)
such that GH = 0? To solve this problem, we obtain the following theorem.
Theorem 1.1. Let (X,ω) be a compact Hermitian manifold and (E,D) a simple
projectively flat complex vector bundle over X satisfying the condition (1.1). Then
there must exist a unique Hermitian metric H on E such that
(1.10)
√−1ΛωG⊥H = 0,
where G⊥H is the trace-free part of GH , i.e. G
⊥
H = GH− 1r trGH⊗IdE. Furthermore,
if ω is astheno-Ka¨hler, i.e. ∂∂¯ωn−2 = 0, then we have
(1.11) G⊥H = 0.
Remark 1.1. Given a real (1, 1)-form ζ ∈ BC(E,D), there exists a real function
ϕ such that
√−1
r trGH =
1
r ζ+
√−1∂∂¯ϕ. Letting H˜ = e−2ϕH, according to formula
(1.5), we have
(1.12)
√−1G⊥H =
√−1GH˜ −
1
r
ζ ⊗ IdE .
Thus, by Theorem 1.1 and conformal transformation, (1.9) can be solved if X
admits an astheno-Ka¨hler metric ω.
A Hermitian metric H on (E,D) is called harmonic if it satisfies:
(1.13)
√−1ΛωGH = 0.
In the case that (X,ω) is Ka¨hler and D is a flat connection, (1.13) is equivalent to
D∗HψH = 0, the existence of harmonic metric was proved by Donaldson ([9]) and
Corlette ([3]). If BC(E,D) = 0 and (X,ω) is astheno-Ka¨hler, Theorem 1.1 implies
that (E,D) must admit a harmonic metric H with GH = 0. Different to Corlette
and Donaldson’s arguments by using the heat flow, we will use the continuous
method to solve the equation (1.10), see section 3 for details.
In this paper, we also study some characteristic classes of projectively flat bundle
(E,D) with
√−1FD = α⊗ IdE , where α is a real (1, 1)-form. Set
(1.14) v2j+1(E,D,H) = (2π
√−1)−jtrψ2j+1H .
4Like that in the flat bundle case, one can check that v2j+1(E,D,H) is a real d-
closed form and the class [v2j+1(E,D,H)] ∈ H2j+1DR (X,R) is independent of the
choice of Hermitian metrics. So we define the following class:
(1.15) v2j+1(E,D) = [(2π
√−1)−jtrψ2j+1H ]
for j ≥ 0 . In the flat bundle case, this class was defined by Kamber-Tondeur
and Dupont ([14, 10]), and its Chern-Weil type description was given by Bismut
and Lott([1]). When (X,ω) is a Ka¨hler manifold and (E,D) is a semi-simple flat
bundle, Reznikov ([26]) proved that the classes v2j+1(E,D) necessarily vanish for
j ≥ 1 (a simple proof can be found in [15]). As an application of Theorem 1.1,
we generalized Reznikov’s result to the projectively flat bundles on astheno-Ka¨hler
manifolds. In fact, we obtain the following theorem.
Theorem 1.2. Let (E,D) be a projectively flat complex vector bundle over a com-
pact complex manifold X with
√−1FD = α ⊗ IdE, where α is a real (1, 1)-form
on X. If X admits an astheno-Ka¨hler metric ω, then for any j ≥ 1, the class
v2j+1(E,D) must vanish.
In the following, we denote the space of connections in E by AE , and set the
moduli spaces
(1.16) CDR(E,α) = {D ∈ AE |
√−1FD = α⊗ IdE}/G,
(1.17) CsDR(E,α) = {Semi-simple D ∈ AE |
√−1FD = α⊗ IdE}/G,
where G is the gauge group of E.
Now, we suppose that (X,ω) is a compact Hermitian manifold of complex di-
mension n, and the Hermitian metric ω satisfies the Gauduchon and astheno-Ka¨hler
conditions, i.e. ∂∂¯ωn−1 = ∂∂¯ωn−2 = 0. These conditions ensure that the first and
second Chern numbers of holomorphic vector bundles are well-defined. Under the
Gauduchon condition, we can also assume that Λωα = λ, where λ is a real num-
ber. Adding another condition that
∫
X
∂[η] ∧ ωn−1(n−1)! = 0 for any Dolbeault class
[η] ∈ H0,1(X), one can easily check that X satisfies the global ∂∂¯-lemma, and then
BC(E,D) = 0. By Theroem 1.1, there must exist a harmonic metric H on the
semi-simple projectively flat bundle (E,D), and then GH = 0. Denote ∂E = ∂¯H
and θ = ψ1,0H , then we obtain a Higgs bundle structure (E, ∂E , θ) with
(1.18)
√−1(FH + [θ, θ∗H ]) = α⊗ IdE , ∂Hθ = 0.
It is not hard to find that (1.18) means the Higgs bundle (E, ∂E , θ) is poly-stable
and
(1.19) ∆(E, ∂¯E) · [ωn−2] := (c2(E, ∂¯E)− r − 1
2r
c21(E, ∂¯E)) · [ωn−2] = 0.
In the following, CsDol(E) (resp. CDol(E)) denotes the moduli space of polystable
(resp. semi-stable) Higgs structures (∂E , θ) on bundle E with the vanishing Chern
number (1.19). Hitchin ([12]) and Simpson ([27]) proved the Higgs version of
Donaldson-Uhlenbeck-Yau theorem ([21, 8, 29]) which states that every poly-stable
Higgs bundle over a Ka¨hler manifold must admit a Hermitian-Einstein metric H ,
i.e.
(1.20)
√−1Λω(FH + [θ, θ∗H ]) = λIdE ,
5and it is also valid for compact Gauduchon manifolds ([2, 16, 19]). Therefore, for
any poly-stable Higgs structure (∂E , θ) with the vanishing Chern number (1.19), the
Hitchin-Simpson connection DH,θ = DH + θ + θ
∗H with respect to the Hermitian-
Einstein metric H must be projectively flat. Then one can obtain a correspondence
between CsDol(E) and CsDR(E,α), i.e. we proved the following theorem.
Theorem 1.3. Let (X,ω) be a compact Hermitian manifold of dimension n sat-
isfying ∂∂¯ωn−1 = ∂∂¯ωn−2 = 0 and
∫
X ∂[η] ∧ ω
n−1
(n−1)! = 0 for any Dolbeault class
[η] ∈ H0,1(X), E be a complex vector bundle over X with rank r and c1(E) ∩
Ω1,1(M,C)∩Ω2(M,R) 6= ∅, i.e. there is a real (1, 1)-form α ∈ 2πr c1(E). Then there
is a one-to-one correspondence between the moduli spaces CsDol(E) and CsDR(E,α).
Remark 1.2. In [25, Proposition 2.1], the authors constructed some nontrivial ex-
amples of Hermitian metric ω satisfying strongly Gauduchon and astheno-Ka¨hler
conditions. It is easy to see that these non-Ka¨hler metrics must satisfy the condi-
tions in Theorem (1.3).
In [28], Simpson proved that there is an equivalence of categories between the
category of semi-stable Higgs bundles with vanishing Chern numbers and the cat-
egory of flat bundles over smooth projective varieties. The key in the proof of
Simpson’s correspondence is to prove that every semi-stable Higgs bundle with
vanishing Chern numbers is an extension of stable Higgs bundles with vanishing
Chern numbers. This has been generalized to the Ka¨hler case by Nie and the third
author ([22]). In this paper, we extend this key theorem to semi-stable Higgs bun-
dles with the vanishing condition (1.19) and to the non-Ka¨hler case. We combine
the continuous method and the heat flow method to solve this problem. The key
technique here is to use ǫ-regularity theorem (Theorem 6.2) of the Hermitian-Yang-
Mills flow. Let’s first consider the solution Hǫ of the perturbed equation (5.12) for
every 0 < ǫ ≤ 1. In [23], under the assumption that the Higgs bundle (E, ∂¯E , θ) is
semistable, Nie and the third author have proved that
(1.21) sup
X
|√−1Λω(FHǫ + [θ, θ∗Hǫ ])− λ · IdE |Hǫ → 0
as ǫ → 0. The Chern-Weil theory and the vanishing condition (1.19) imply (see
(5.8))
(1.22) 2||∂Hǫθ||2L2 + ||(F 1,1Hǫ,θ)⊥||2L2 → 0,
as ǫ→ 0, where (F 1,1H,θ)⊥ is the trace free part of F 1,1H,θ. Now, let’s evolve the metrics
Hǫ along the Hermitian-Yang-Mills flow (7.6), and denote Hǫ(t) is the long time
solution of (7.6). By the ǫ-regularity theorem (Theorem 6.2) and the parabolic
inequality (6.21), we can show that for some positive t0,
(1.23) 2||∂Hǫ(t0)θ||2L∞ + ||(F 1,1Hǫ(t0),θ)⊥||2L∞ → 0,
as ǫ → 0, i.e. we obtain the existence of approximate Higgs-projectively flat
structure. Using this and following Demailly-Peternell-Schneider’s argument ([6]),
we can show that the Harder-Narasimhan-Seshadri filtration of the Higgs bundle
(E, ∂¯E , θ) is by subbundles. So we prove that, on some non-Ka¨hler manifolds, every
semi-stable Higgs bundle with the vanishing condition (1.19) must be an extension
of stable Higgs bundles, i.e. we conclude the following theorem.
6Theorem 1.4. Let (X,ω) be a compact Hermitian manifold of dimension n sat-
isfying ∂∂¯ωn−1 = ∂∂¯ωn−2 = 0, and E = (E, ∂¯E , θ) be a Higgs bundle over X.
Then E is semi-stable with the vanishing condition (1.19) if and only if E admits a
filtration
(1.24) 0 = E0 ⊂ E1 ⊂ · · · ⊂ El = E
by Higgs subbundles such that the quotients Qk = (Qk, ∂Qk , θk) = Ek/Ek−1 are sta-
ble Higgs bundles with vanishing Chern number (1.19) and 1
rank(Qk)
c1(Qk, ∂Qk) =
1
rank(E)
c1(E, ∂E) for every 0 ≤ k ≤ l− 1.
As an application, we establish a correspondence between CDol(E) and CDR(E,α),
i.e. we prove the following theorem.
Theorem 1.5. Let (X,ω) be a compact Hermitian manifold of dimension n sat-
isfying ∂∂¯ωn−1 = ∂∂¯ωn−2 = 0 and
∫
X ∂[η] ∧ ω
n−1
(n−1)! = 0 for any Dolbeault class
[η] ∈ H0,1(X), E be a complex vector bundle over X with rank r and c1(E) ∩
Ω1,1(M,C)∩Ω2(M,R) 6= ∅, i.e. there is a real (1, 1)-form α ∈ 2πr c1(E). Then there
is a one-to-one correspondence between the moduli spaces CDol(E) and CDR(E,α)
in the case rank(E) = 2.
We also find a nature one-to-one map between CDol(E) and CDR(E,α) for higher
rank case, but as pointed in Remark 9.1, this map only exists in Ka¨hler case, i.e.
we deduce the following result.
Theorem 1.6. Let (X,ω) be a Ka¨hler manifold of dimension n. Then there is a
one-to-one map between CDol(E) and CDR(E,α).
Actually, using Theorem 1.4, one may follow Simpson’s argument in ([28]) to get
a correspondence between CDol(E) and CDR(E,α) over Ka¨hler manifolds. However,
Simpson’s argument ([28]) is totally algebraic and highly abstract. We construct the
correspondence map more directly, so we write down here. It should be pointed out
that, by using Nie and the third author’s result ([22]), Deng also gives a constructing
proof of this correspondence for the flat bundle case in his thesis ([7]).
This paper is organized as follows. In Section 2, we introduce some basic concepts
and results about projectively flat bundles. In section 3, we study the equation
(1.10) and give a proof of Theorem 1.1. In Section 4, we consider the characteristic
classes of projectively flat bundles and give a proof of Theorem 1.2. In Section 5,
we recall some basic results of Higgs bundles over non-Ka¨hler manifolds and give a
proof of Theorem 1.3. In Section 6, we give some basic estimates and an ǫ-regularity
theorem about the Yang-Mills-Higgs flow in the non-Ka¨hler case. In Section 7, we
prove Theorem 1.4. In Section 8 and Section 9, we prove Theorem 1.5 and Theorem
1.6.
Acknowledgement: The authors would like to thank Professor Jixiang Fu and
Professor Xiangwen Zhang to point out the examples satisfying our assumptions in
Theorem 1.3. The authors are partially supported by NSF in China No.11625106,
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72. Preliminaries
Let (X,ω) be a compact Hermitian manifold of dimension n, E be a projectively
flat bundle over X with rank r and c1(E) ∩ Ω1,1(M,C) ∩ Ω2(M,R) 6= ∅. We can
choose a real (1, 1)-form α ∈ 2πr c1(E). Furthermore, if ∂∂¯ωn−1 = 0, we can assume
(2.1) Λωα = λ,
where λ is a real number. It is easy to check that there is a connection in E such
that:
(2.2)
√−1FD = α⊗ IdE
and
(2.3) 2c2(E,D) − r − 1
r
c21(E,D) = 0.
For any metric H on (E,D), there is a unique decomposition
(2.4) D = DH + ψH ,
where DH is a unitary connection, ψH ∈ Ω1(End(E)) is self-adjoint and
(2.5) H(ψHe1, e2) =
1
2
{H(De1, e2) +H(e1, De2)− dH(e1, e2)}
for any e1, e2 ∈ Γ(E). We rewrite (2.2) as
(2.6) α⊗ IdE =
√−1FD =
√−1(D2H + ψH ∧ ψH +DH ◦ ψH + ψH ◦DH).
Considering the self-adjoint and anti-self-adjoint parts of the above identity, since
α is a real (1, 1)-form, we have
(2.7) DH(ψH) = 0,
and
(2.8)
√−1(D2H + ψH ∧ ψH) = α⊗ IdE .
Then, we get
(2.9)


∂¯2H + ψ
0,1
H ∧ ψ0,1H = 0, ∂2H + ψ1,0H ∧ ψ1,0H = 0,
∂¯Hψ
1,0
H + ∂Hψ
0,1
H = 0,
∂Hψ
1,0
H = 0, ∂¯Hψ
0,1
H = 0,
∂H ∂¯H + ∂¯H∂H + [ψ
1,0
H , ψ
0,1
H ] = −
√−1α⊗ IdE .
Denote by ∂H (resp. ∂¯H) the (1, 0)-part (resp. (0, 1)-part) of DH . Define D
′′
H ,
D
′
H and GH as that in (1.3) and (1.4). Obviously (2.9) implies
(2.10) (G1,1H )
∗H = −G1,1H , (G2,0H )∗H = G0,2H ,
(2.11) trGH = tr (∂¯Hψ
1,0
H ) = ∂¯tr (ψ
1,0
H ) = dtr (ψ
1,0
H ),
(2.12) ∂tr (∂¯Hψ
1,0
H ) = −∂¯tr (∂Hψ1,0H ) = 0.
If GH = 0, then (E, ∂¯H , ψ
1,0
H ) will be a Higgs bundle and H is a Higgs-Hermitian
projectively flat metric.
8Lemma 2.1. Assume ∂¯∂ωn−2 = 0, then
(2.13)
√−1Λω(GH) = 0 ⇐⇒ GH = 0
and
(2.14)
√−1Λω(G⊥H) = 0 ⇐⇒ G⊥H = 0.
Proof. The Riemann bilinear relations assert that
(2.15)
∫
X
tr (G⊥H ∧G⊥H) ∧
ωn−2
(n− 2)! =
∫
X
(|G⊥H |2 − |ΛωG⊥H |2)
ωn
n!
.
On the other hand, by (2.9), we have
tr (∂¯Hψ
1,0
H ) ∧ tr (∂¯Hψ1,0H )
=− tr (∂Hψ0,1H ) ∧ tr (∂¯Hψ1,0H )
=∂∂¯(trψ0,1H ∧ trψ1,0H ),
(2.16)
and
∫
X
tr (G⊥H ∧G⊥H) ∧
ωn−2
(n− 2)!
=
∫
X
tr (GH ∧GH) ∧ ω
n−2
(n− 2)!
=
∫
X
{−2tr (ψ1,0H ∧ ψ1,0H ∧ ψ0,1H ∧ ψ0,1H )− tr (∂¯Hψ1,0H ∧ ∂Hψ0,1H )} ∧
ωn−2
(n− 2)!
=
∫
X
{∂¯∂tr (ψ1,0H ∧ ψ0,1H )− 2tr (ψ1,0H ∧ ψ1,0H ∧ ψ0,1H ∧ ψ0,1H )} ∧
ωn−2
(n− 2)!
+
∫
X
tr (∂H(∂¯Hψ
1,0
H ) ∧ ψ0,1H ) ∧
ωn−2
(n− 2)!
=−
∫
X
tr ((
√−1α⊗ IdE ∧ ψ1,0H − ψ1,0H ∧ (
√−1α⊗ IdE)) ∧ ψ0,1H ) ∧
ωn−2
(n− 2)!
=0.
(2.17)
For any two Hermitian metrics H and K, let h = K−1H and DcK = D
′′
K −D
′
K .
By the expression (2.5), one can deduce that
(2.18) ψH =
1
2
h−1 ◦ ψK ◦ h+ 1
2
ψK +
1
2
(DK − h−1 ◦DK ◦ h),
and
(2.19) D
′′
H −D
′′
K =
1
2
h−1DcKh.
Using the equalities (2.9), we know
(2.20) D
′′
K ◦D
′′
K +D
′
K ◦D
′
K = 0,
(2.21) D
′′
K ◦D
′
K +D
′′
K ◦D
′
K = −
√−1α⊗ IdE ,
and
(2.22) DcK(D
c
Kh) = D
c
K ◦DcK ◦ h− h ◦DcK ◦DcK =
√−1(αh− hα) = 0.
9Then
GH −GK = D′′H ◦D
′′
H −D
′′
K ◦D
′′
K
=
1
4
{2D′′K(h−1DcKh)−DcK(h−1DcKh) + h−1DcK(DcKh)}
=
1
4
D(h−1DcKh).
(2.23)
This together with (2.18) gives us that
(2.24) tr (ψH) = tr (ψK)− 1
2
d log det(h)
and
(2.25) tr (∂¯Hψ
1,0
H )− tr (∂¯Kψ1,0K ) = tr (GH)− tr (GK) =
1
2
∂∂¯ log deth.
By (2.10), (2.11), (2.12) and (2.25), we can define the following class in the Bott-
Chern cohomology.
Definition 2.1. Let (E,D) be a projectively flat complex vector bundle satisfying
the condition (1.1) over a compact complex manifold X. We define
(2.26) BC(E,D) = [
√−1tr (∂¯Hψ1,0H )]BC ∈ H1,1BC(X,R).
Set s = log(h) = log(K−1H), then by a similar discussion with [23] (or [30]), we
have
Proposition 2.1.
〈√−1ΛωD(h−1DcKh), s〉K = −〈Θ(s)(Ds), Ds〉K +
√−1Λω∂∂¯|s|2K ,(2.27)
where
(2.28) Θ(x, y) =


ey−x − 1
y − x , x 6= y;
1, x = y.
Proof. In an open dense subset U of X , choosing a suitable orthonormal basis
{e1, · · · , er} of E with respect to the metric K, we can assume
(2.29) h =
r∑
α=1
eλαeα ⊗ eα
and
(2.30) s =
r∑
α=1
λαeα ⊗ eα.
Let D = d + A, then DK = d +
1
2 (A − A¯T ) and ψK = 12 (A + A¯T ). Denote the
(1, 0)-part and (0, 1)-part of A by B and C. Computing directly shows
h−1DcKh =
r∑
α=1
dcλαeα ⊗ eα +
∑
α6=β
(eλβ−λα − 1)(Cβα −Bβα)eα ⊗ eβ,
Ds =
r∑
α=1
dλαeα ⊗ eα +
∑
α6=β
(λβ − λα)(Bαβ + Cαβ )eα ⊗ eβ.
(2.31)
10
Then
√−1Λωdtr (h−1DcKhs) =
r∑
α=1
√−1Λωd(λαdcλα)
=
r∑
α=1
2
√−1Λωλα∂∂¯λα +
r∑
α=1
2|∂λα|2
=
√−1Λω∂∂¯|s|2K
(2.32)
and √−1Λωtr (h−1DcKh ∧Ds)
=
r∑
α=1
√−1Λω(dcλα ∧ dλα)
+
∑
α6=β
(eλβ−λα − 1)(λα − λβ)
√−1Λω(Cβα −Bβα) ∧ (Bβα + Cβα)
=−
r∑
α=1
|dλα|2 −
∑
α6=β
(eλβ−λα − 1)
(λβ − λα) (λβ − λα)
2(|Bβα|2 + |Cβα |2)
=−
∑
α,β
Θ(λα, λβ)|(Ds)βα|2.
(2.33)
Combining all of the above, we complete this proof.
Proposition 2.2. For any real number λ, we have
(2.34)√−1Λωddc log(tr (h)+tr (h−1)) ≥ −4(|
√−1ΛωGH−λIdE |H+|
√−1ΛωGK−λIdE |K)
and supX | log(h)|K ≤ C`1‖ log(h)‖L2(X,K) + C`2, where C`1 and C`2 are positive con-
stants depending only on supX |
√−1ΛωGH − λIdE |H , supX |
√−1ΛωGK − λIdE |K
and the geometry of (X,ω).
Proof. Clearly (2.23) yields
h(
√−1Λω(GH −GK)) =1
4
√−1ΛωDDcKh−
1
4
√−1ΛωD(h)h−1DcK(h).(2.35)
Taking the trace on both sides, we see
1
4
√−1Λωddctr (h)− 1
4
|Dh · h−1/2|2K
≥− tr (h)(|√−1ΛωGH − λIdE |H + |
√−1ΛωGK − λIdE |K).
(2.36)
On the other hand, it holds that
(tr (h) + tr (h−1))
√−1Λωddc log(tr (h) + tr (h−1))
=− |tr (Dh) + tr (Dh
−1)|2
tr (h) + tr (h−1)
+
√−1Λωddc(tr (h) + tr (h−1)).
(2.37)
According to Young’s inequality, we have
|tr (Dh) + tr (Dh−1)|2
tr (h) + tr (h−1)
≤(1 + ε)|tr (Dh)|
2 + (1 + 1ε )|tr (Dh−1)|2
tr (h) + tr (h−1)
.(2.38)
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Take ε = tr (h−1)/tr (h), then
|tr (Dh) + tr (Dh−1)|2
tr (h) + tr (h−1)
≤|Dh · h−1/2|2K + |Dh−1 · h1/2|2H .(2.39)
So
(2.40)√−1Λωddc log(tr (h)+tr (h−1)) ≥ −4(|
√−1ΛωGH−λIdE |H+|
√−1ΛωGK−λIdE |K).
Noting
(2.41) log
( 1
2r
(tr (h) + tr (h−1))
) ≤ | log(h)|K ≤ r1/2 log(tr (h) + tr (h−1))
and applying Moser’s iteration, we finish the proof.
3. Proof of Theorem 1.1
We first study the equation (1.10) by using the continuous method. Let (E,D)
be a rank r projectively flat bundle over a compact Hermitian manifold (X,ω), and
satisfy
√−1FD = α⊗ IdE for a real (1, 1)-form α. Given a Hermitian metric H on
E, we set
(3.1) Herm(E,H) = {η ∈ End(E) | η∗H = η}
and
(3.2) Herm+(E,H) = {ρ ∈ Herm(E,H) | ρ is positive definite}.
If the metric ω is Gauduchon, i.e. ∂∂¯ωn−1 = 0, we can define
(3.3) degω(E,D) =
∫
X
BC(E,D) ∧ ω
n−1
(n− 1)! .
Using conformal transformation, we have the following lemma.
Lemma 3.1. Suppose (X,ω) is a compact Gauduchon manifold, then there exists
a Hermitian metric K˜ on (E,D) such that
(3.4) tr (
√−1ΛωGK˜) = rλ,
where the constant λ = degω(E,D)rVol(X,ω) .
Let K be a fixed background metric on E. Consider the following perturbed
equation
(3.5) Lǫ(h) := 4
√−1ΛωGK +
√−1ΛωD(h−1DcKh)− ǫ log(h)− 4λIdE = 0,
where h ∈ Herm+(E,K) and ǫ ∈ (0, 1].
Lemma 3.2. Assume that there exists a Hermitian metric K˜ on (E,D) with
tr (
√−1ΛωGK˜) = rλ, then we can choose a background metricK such that tr (
√−1ΛωGK) =
rλ, det(K−1K˜) = 1 and the equation (3.5) has a solution for ǫ = 1.
Proof. Define h1 = exp(4
√−1ΛωGK˜ − 4λIdE) and choose K = K˜h−11 as the fixed
background metric, then
(3.6) log det(K−1K˜) = log det(h1) = tr (4
√−1ΛωGK˜ − 4λIdE) = 0,
12
tr (
√−1ΛωGK) = tr (
√−1ΛωGK˜) +
1
2
√−1Λω∂∂¯ log det(h−11 )
= rλ
(3.7)
and
(3.8) 4
√−1ΛωGK +
√−1ΛωD(h−11 DcKh1)− log(h1)− 4λIdE = 0.
Proposition 3.1. Let tr (
√−1ΛωGK) = rλ. If h is a solution of equation (3.5)
for ǫ ∈ (0, 1]. Then det(h) = 1.
Proof. Taking the trace on both sides of equation (3.5) yields
(3.9) 2
√−1Λω∂∂¯ log det(h)− ǫ log det(h) = 0.
Due to the maximum principle, we have log det(h) = 0 and det(h) = 1.
For any 0 < δ < 1, define
(3.10) Jδ = {ǫ ∈ [δ, 1] | there is a smooth solution to Lǫ(h) = 0}
and
(3.11) J = {ǫ ∈ (0, 1] | there is a smooth solution to Lǫ(h) = 0}.
We will use the continuity method to show that Jδ = [δ, 1] for any 0 < δ < 1, hence
J = (0, 1]. It is obvious that Jδ 6= ∅. By the Fredholmness of an elliptic operator
over a compact manifold and the implicit function theorem, we know that Jδ is
open. Next, we conclude that Jδ is closed.
Lemma 3.3. Let h be the solution of Lǫ(h) = 0 for ǫ ∈ [δ, 1]. Then√−1Λω∂∂¯| log(h)|2K ≥ ǫ| log(h)|2K − 4|
√−1ΛωGK − λIdE |K | log(h)|K ,(3.12)
and
(3.13) sup
X
| log(h)|K ≤ 4
ǫ
sup
X
|√−1ΛωGK − λIdE |K ≤ C12,
where C12 is a constant depending only on δ
−1, λ and K.
Proof. Since the term 〈Θ(s)(Ds), Ds〉K in (2.27) is nonnegative, this lemma comes
from Proposition 2.1 and the maximum principle.
Using the above C0-estimate, we can derive the C1-estimate and Lp2-estimate by
Donaldson’s arguments in [8, Lemma 19]. But now we will give another proof by
the maximum principle.
Lemma 3.4. Let h be the solution of Lǫ(h) = 0 for ǫ ∈ [δ, 1]. Then
(3.14) sup
X
|ψ1,0H |H ≤ C13,
where H = Kh, C13 is a constant depending only on the background metric K, λ,
the bound of supX | log h|K and the geometry of (X,ω).
Proof. After a straightforward calculation, we can show
√−1Λω∂∂¯|ψ1,0H |2H ≥|∇ψ1,0H |2H + |[ψ1,0H , ψ0,1H ]|2H + 2|ψ1,0H ∧ ψ1,0H |2H
− 2Re〈∂H(
√−1ΛωGH), ψ1,0H 〉H − C˘|∇ψ1,0H |H |ψ1,0H |H − |R| · |ψ1,0H |2H ,
(3.15)
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where C˘ is a constant depending only on the geometry of (X,ω), R is the curvature
of Chern connection. According to the equation (3.5), we obtain
√−1Λω∂∂¯|ψ1,0H |2H ≥− C˘1|ψ1,0H |2H −
ǫ
2
|∂H(log(h))|H |ψ1,0H |H ,(3.16)
where C˘1 is a uniform constant depending only on (X,ω). Notice that
(3.17) |∂H(log(h))|H ≤ C˘2|h−1∂Hh|H ≤ C˘3|ψ1,0H |H + C˘4,
then
√−1Λω∂∂¯|ψ1,0H |2H ≥− C˘5|ψ1,0H |2H − C˘6|ψ1,0H |H ,(3.18)
where C˘2, C˘3, C˘4, C˘5 and C˘6 are the constants depending only on supX | logh|K
and K. On the other hand, we have
√−1Λωddctr (h) =
√−1Λωtr (Dh ∧ h−1DcKh) +
√−1Λωtr (hD(h−1DcKh))
=|Dh · h−1/2|2K − 4tr (h(
√−1ΛωGK − λIdE)) + ǫtr (h log(h)),
(3.19)
and
(3.20) |Dh · h−1/2|2K ≥ C˘7|Dh · h−1|2H ≥ C˘8|ψ1,0H |2H − C˘9,
hence it follows that
√−1Λωddctr (h) ≥C˘8|ψ1,0H |2H − C˘10,(3.21)
where C˘7, C˘8, C˘9 and C˘10 are the constants depending only on supX | log h|K , λ
and K. Let f = |ψ1,0H |2H +Atr (h), where A is large enough such that
(3.22)
√−1Λω∂∂¯f ≥ C˘11|ψ1,0H |2H − C˘12,
where C˘11 and C˘12 are positive constants depending only on the background metric
K, the bound of supX | log h|K and the geometry of (X,ω). The maximum principle
implies:
(3.23) max
X
|ψ1,0H |2H ≤ C13,
where C13 is a positive constant depending only on C˘11 and C˘12.
Combining Lemma 3.3, Lemma 3.4 and the Lp2-estimate of elliptic operator, we
immediately know hǫ is uniformly bounded in L
p
2 for ǫ ∈ [δ, 1]. Thus Jδ is closed
for [δ, 1] and J = (0, 1].
Lemma 3.5. Let (X,ω) be an n-dimensional compact Gauduchon manifold, (E,D)
be a projectively flat bundle over (X,ω) with rank r and satisfying
√−1FD = α⊗IdE
for a real (1, 1)-form α, hǫ be a solution of equation (3.5), sǫ = log(hǫ). Then
−
∫
X
4tr ((
√−1ΛωGK − λIdE)sǫ)ω
n
n!
+
∫
X
〈Θ(sǫ)(Dsǫ), Dsǫ〉K ω
n
n!
+ ǫ‖sǫ‖2L2 = 0.
(3.24)
Proof. This follows directly from Proposition 2.1.
Lemma 3.6. Let (E,D) be a simple projectively flat complex vector bundle over a
compact Hermitian manifold (X,ω) satisfying
√−1FD = α ⊗ IdE for a real (1, 1)-
form α, H and K be two Hermitian metrics on E. If ΛωGH = ΛωGK , then H = cK
for some positive constant c.
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Proof. By (2.35), we have
(3.25)
√−1Λωddctr (h) ≥ |Dh · h−1/2|2K ,
where h = K−1H . Hence Dh = 0. Since (E,D) is simple and h∗K = h, then
h = cIdE for some positive constant c.
Theorem 3.1. Let (X,ω) be an n-dimensional compact Gauduchon manifold,
(E,D) be a simple projectively flat bundle over (X,ω) with rank r and satisfying√−1FD = α ⊗ IdE for a real (1, 1)-form α. Then there exists a unique Hermitian
metric H on (E,D) satisfying
(3.26)
√−1ΛωGH = λIdE ,
where the constant λ = degω(E,D)rVol(X,ω) .
Proof. Lemma 3.6 gives the uniqueness. Lemma 3.1 guarantees that there exists
a Hermitian metric K˜ on (E,D) with tr (
√−1ΛωGK˜) = rλ. By choosing a back-
ground metric K with tr (
√−1ΛωGK) = rλ, as above we know that there exists
a solution hǫ of the equation (3.5) for any ǫ ∈ (0, 1]. Under the assumption that
(E,D) is simple, we conclude that there is a uniform constant C˘13 independent of
ǫ such that
(3.27) ‖ log(hǫ)‖L2 < C˘13.
Then Proposition 2.2 implies that ‖ log(hǫ)‖L∞ are uniformly bounded. By Lemma
3.4, we can get the uniform C1-estimate and also the uniform Lp2-estimate. Af-
ter choosing a subsequence of ǫ, we can obtain a limiting metric H satisfying√−1ΛωGH = λIdE .
Suppose lim
ǫ→0
‖ log(hǫ)‖L2 = +∞. Then there is a sequence ǫj → 0, such that
(3.28) ‖ log(hǫj )‖L2 → +∞.
Set
(3.29) sj = log(hǫj ), lj = ‖sj‖L2, uj = l−1j sj ,
then
(3.30) ‖uj‖L2 = 1, ‖uj‖L∞ ≤ C∗.
On the other hand, by Proposition 3.1, we have
(3.31) tr (uj) = 0.
Based on Lemma 3.5, we derive
(3.32)
−
∫
X
4tr ((
√−1ΛωGK − λIdE)uj)ω
n
n!
+ lj
∫
X
〈Θ(ljuj)(Duj), Duj〉K ω
n
n!
+ ǫj lj = 0.
According to the argument in [23, page 637], if Υ : R×R→ R is a positive smooth
function such that Υ(λ1, λ2) < (λ1 − λ2)−1 whenever λ1 > λ2, it holds that
−
∫
X
4tr ((
√−1ΛωGK − λIdE)uj)ω
n
n!
+
∫
X
〈Υ(uj)(Duj), Duj〉K ω
n
n!
+ ǫj lj ≤ 0, j ≫ 0.
(3.33)
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Then we see uj is uniformly bounded in L
2
1. By choosing a subsequence which is
also denoted by uj , we deduce uj → u∞ weakly in L21 as j → +∞. Then
(3.34) tr (u∞) = 0, ‖u∞‖L2 = 1, ‖u∞‖L∞ ≤ C∗.
Following Simpson’s argument in [27, Lemma 5.5], we know the eigenvalues of u∞
are constants almost everywhere. Let λ1 < λ2 < · · · < λb denote the distinct
eigenvalues. The fact that tr (u∞) = 0 and ‖u∞‖L2 = 1 yields b ≥ 2. Define
pa =
{
1, x ≤ λa,
0, x ≥ λa+1.
Let πa = pa(u∞). From [27, Lemma 5.6], one can see that
(1) πa ∈ L21;
(2) π2a = π
∗
a = πa;
(3) (Id− πa)Dπa = 0.
Set Va = πa(E). By the condition that
√−1FD = α⊗ IdE for a real (1, 1)-form α,
we know that (D0,1)2 = 0, i.e. D0,1 determines a holomorphic structure on E. Since
(Id−πa)D0,1πa = 0, the Uhlenbeck-Yau’s regularity theorem of L21-subbundle ([29])
states that Va is smooth outside an analytic subset Σ which is of co-dimension at
least 2. Then Va is a D-invariant subbundle of (E,D) on X \Σ. In the following, we
can extend Va to the whole X as a D-invariant subbundle of E, which is contradict
with the simpleness of E. Then, we get the uniform C0-estimate (3.27).
For any x ∈ Σ, there exists a domain Bˆ ⊂ X containing x such that α = √−1dβ
for some 1-form β defined on Bˆ. From
(3.35)
√−1(D − β ⊗ IdE)2 =
√−1D2 −√−1dβ ⊗ Id2E = 0,
we know that D − β ⊗ IdE is a flat connection on E|Bˆ. On a small domain B
containing x, we can choose a local basis {e1, · · · , er} of E such that
(3.36) D


e1
...
er

 = β


e1
...
er

 .
On X \ Σ, we have the following exact sequence
(3.37) 0 −→ Va −→ E −→ Qa −→ 0,
and
(3.38) D =
(
DVa η
0 DQa
)
,
(3.39) D2 =
(
D2Va DVa ◦ η + η ◦DVa
0 D2Qa
)
= −√−1α⊗ IdE ,
where η is a 1-form valued in Q∗a ⊗ Va. So DVa − β ⊗ IdVa is also a flat connection
on Va|Bˆ\Σ. For any point y ∈ B \Σ, there exist a small domain B˜y ⊂ B \Σ, and a
basis {e˜1, · · · , e˜l} of Va on B˜y, where l = rank(Va), such that
(3.40) DVa


e˜1
...
e˜l

 = D


e˜1
...
e˜l

 = β


e˜1
...
e˜l

 .
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On the other hand, since Va ⊂ E, we can suppose
(3.41)


e˜1
...
e˜l

 = Al×r


e1
...
er

 .
Then (3.36) and (3.40) imply that dA = 0, i.e. A is a constant matrix. For another
point y1 ∈ B \ Σ, if B˜y1 ∩ B˜y 6= ∅, it is easy to see that Ay1 = C · A for some
constant matrix C, and then A


e1
...
er

 is a basis of Va on B˜y1 ∪ B˜y . Since B \Σ is
connected, A


e1
...
er

 is also a basis of Va on B \Σ. Then Va|B\Σ can be extended
to B. Because x is arbitrary, Va can be extended to the whole X .
Proof of Theorem 1.1. It has been proved by Gauduchon ([11]) that there must
exist a Gauduchon metric ω˜ in the conformal class of ω. By Theorem 3.1, we have
a metric H such that
√−1Λω˜(G⊥H) = 0, and equivalently
(3.42)
√−1Λω(G⊥H) = 0.
If ∂∂ωn−2 = 0, from Lemma 2.1, we know that the metric H satisfies G⊥H = 0.
Taking conformal transformation, we have the following corollary.
Corollary 3.1. Let (X,ω) be a compact Hermitian manifold and (E,D) a simple
projectively flat complex vector bundle over X satisfying
√−1FD = α ⊗ IdE for a
real (1, 1)-form α. Then for any real (1, 1)-form ζ ∈ BC(E,D), there must exist a
unique Hermitian metric H on E such that
(3.43)
√−1Λω(GH +
√−1
r
ζ ⊗ IdE) = 0.
If ∂∂ωn−2 = 0 or dimCX = 2, then the metric H satisfies
(3.44)
√−1GH = 1
r
ζ ⊗ IdE .
Let (E,D) be an SL(r,C)-flat bundle over a compact Hermitian manifold (X,ω),
i.e. the corresponding representation ρ : π1(X)→ GL(r,C) has image in SL(r,C).
There must exist a Hermitian metric K on (E,D) such that trψK = 0, and hence
tr (
√−1ΛωGK) = 0 and BC(E,D) = 0. Then the following corollary holds.
Corollary 3.2. Let (E,D) be a simple SL(r,C)-flat bundle over a compact Her-
mitian manifold (X,ω), then there must exist a unique Hermitian metric H such
that
√−1ΛωGH = 0. If ∂∂ωn−2 = 0 or dimCX = 2, then the metric H satis-
fies GH = 0, and there exists a Hermitian-flat Higgs bundle (E,D
0,1
H , ψ
1,0
H ) with
trψ1,0H = 0.
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4. Characteristic classes of projectively flat bundle
Let (E,D) be a projectively flat vector bundle over a compact complex manifold
X with
√−1FD = α⊗ IdE , where α is a real (1, 1)-form. Letting H be a Hermitian
metric on the projectively flat bundle (E,D), we have the unique decomposition
D = DH + ψD,H . On the other hand, one can define D
∗H by
(4.1) dH(X,Y ) = H(DX,Y ) +H(X,D∗HY )
for any X,Y ∈ Γ(E), and then
(4.2) ψD,H =
1
2
(D −D∗H).
Setting
(4.3) v2j+1(E,D,H) = (2π
√−1)−jtrψ2j+1D,H ,
and recalling that ψD,H is self-adjoint and (2.7), we know that v2j+1(E,D,H) is a
closed real form.
For any two Hermitian metrics H and K on E, we choose a smooth path Ht
connecting K and H with H0 = K and H1 = H , let ht = K
−1Ht. From (2.18), it
follows that
(4.4) ψD,Ht =
1
2
h−1t ◦ ψD,K ◦ ht +
1
2
ψD,K +
1
2
(DK − h−1t ◦DK ◦ ht),
and
(4.5)
∂
∂t
ψD,Ht =
1
2
{ψD,Ht ◦ h−1t
∂ht
∂t
− h−1t
∂ht
∂t
◦ ψD,Ht −DHt(h−1t
∂ht
∂t
)}.
By direct calculation, we obtain
∂
∂t
v2j+1(E,D,Ht) = (2π
√−1)−jtr ( ∂
∂t
ψ2j+1D,Ht)
=(2j + 1)(2π
√−1)−jtr (∂ψD,Ht
∂t
∧ ψ2jD,Ht)
=− 2j + 1
2
(2π
√−1)−jtr (DHt(h−1t
∂ht
∂t
) ∧ ψ2jD,Ht)
=− 2j + 1
2
(2π
√−1)−jdtr (h−1t
∂ht
∂t
∧ ψ2jD,Ht),
(4.6)
(4.7)
v2j+1(E,D,H)−v2j+1(E,D,K) = −2j + 1
2
(2π
√−1)−jd
∫ 1
0
tr (h−1t
∂ht
∂t
∧ψ2jD,Ht)dt
and the class [v2j+1(E,D,H)] is independent of the choice of Hermitian metrics.
So we define the following class:
(4.8) v2j+1(E,D) = [(2π
√−1)−jtrψ2j+1H ]
for j ≥ 0 .
Let f : (E˜, D˜) → (E,D) be an isomorphism, i.e. D˜ = f−1 ◦ D ◦ f . Given a
Hermitian metric on E, we set a Hermitian metric H˜ on E˜ by
(4.9) H˜(·, ·) = H(f(·), f(·)).
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According to the definition, we have
H˜(ψD˜,H˜(X), Y ) =
1
2
{H˜(D˜X, Y ) + H˜(X, D˜Y )− dH˜(X,Y )}
=
1
2
{H(D ◦ f(X), f(Y )) +H(f(X), D ◦ f(Y ))− dH(f(X), f(Y ))}
=H(ψD,H ◦ f(X), f(Y ))
=H˜(f−1 ◦ ψD,H ◦ f(X), Y ),
(4.10)
i.e.
(4.11) ψD˜,H˜ = f
−1 ◦ ψD,H ◦ f,
and then
(4.12) v2j+1(E,D,H) = v2j+1(E˜, D˜, H˜)
for j ≥ 0 .
Proof of Theorem 1.2. If the projectively flat bundle (E,D) is simple and ω is
astheno-Ka¨hler, by Theorem 1.1, there is a Hermitian metric H such that G⊥H = 0,
i.e.
(4.13) (D0,1H )
2 = 0, D0,1H ψ
1,0
D,H =
1
r
∂¯trψ1,0D,H , and ψ
1,0
D,H ∧ ψ1,0D,H = 0.
Then
v2j+1(E,D,H) = (2π
√−1)−jtr (ψ1,0D,H + ψ0,1D,H)2j+1
=(2π
√−1)−jtr {((ψ1,0D,H ∧ ψ0,1D,H)j + (ψ0,1D,H ∧ ψ1,0D,H)j) ∧ (ψ1,0D,H + ψ0,1D,H)}
=0.
(4.14)
When (E,D) is not simple, we choose a D-invariant subbundle S of minimal
rank and we have the following exact sequence of bundles:
(4.15) 0→ S → E → Q→ 0.
Take a bundle isomorphism f : S⊕Q→ E, then the pull-back ofD can be expressed
as
(4.16) f∗(D) =
(
DS β
0 DQ
)
,
and one can check that
(4.17)
√−1D2S = α⊗ IdS ,
√−1D2Q = α⊗ IdQ, DQ∗⊗Sβ = 0.
Since S is of minimal rank, it must be simple and then
(4.18) v2j+1(S,DS) = 0.
In the following, denote
(4.19) E˜ = S ⊕Q, D˜ = f∗(D), H = (f−1)∗H˜, H˜ =
(
HS 0
0 HQ
)
,
where HS and HQ are Hermitian metrics on S and Q. It is easy to get that
(4.20) D˜∗H˜ =
(
D∗HSS 0
− β∗H˜ D∗HQQ
)
,
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and
(4.21) ψD˜,H˜ =
1
2
(D˜ − D˜∗H˜) =

ψDS ,HS
1
2
β
1
2
β∗H˜ ψDQ,HQ

 .
Setting
(4.22) H˜t =

 tHS 0
0
1
t
HQ

 ,
one can find that
(4.23) β∗H˜t = t2β∗H˜
and
(4.24) ψD˜,H˜t =

ψDS ,HS
1
2
β
1
2
t2β∗H˜ ψDQ,HQ

 .
For simplicity, we denote:
(4.25) Ξ =
(
ψDS ,HS 0
0 ψDQ,HQ
)
,
(4.26)
Mt =

 0
1
2
β
1
2
t2β∗H˜ 0

 =
(
1 0
0 t2
) 0
1
2
β
1
2
β∗H˜ 0

 =

 0
1
2
β
1
2
β∗H˜ 0


(
t2 0
0 1
)
,
(4.27) Ψ2j+1,2k,t =
∑
α1+···+α2k+1=2j−2k+1
Ξα1Mt · · ·Ξα2kMt · Ξα2k+1
and
(4.28) Ψ2j+1,2k+1,t =
∑
α1+···+α2k+2=2j−2k
Ξα1Mt · · ·Ξα2k+1Mt · Ξα2k+2 ,
where αi is a nonnegative integer. It is not hard to observe that
(4.29) ΞαiMt · Ξαi+1Mt = t2ΞαiM1 · Ξαi+1M1,
(4.30) Ψ2j+1,2k,t = t
2kΨ2j+1,2k,1,
and
(4.31) tr (Ψ2j+1,2k+1,t) = 0.
Then
(4.32) ψ2j+1
D˜,H˜t
=
j∑
k=0
Ψ2j+1,2k,t +
j∑
k=0
Ψ2j+1,2k+1,t,
and
(4.33) tr {ψ2j+1
D˜,H˜t
} = tr {ψ2j+1Ds,Hs}+ tr {ψ
2j+1
DQ,HQ
}+
j∑
k=1
t2ktr {Ψ2j+1,2k,1}.
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By (4.7) and (4.12), we know that
(4.34) [tr {ψ2j+1D,H }] = [tr {ψ2j+1D˜,H˜t}] = [tr {ψ
2j+1
D˜,H˜
}],
and
(4.35)
j∑
k=1
(t2k − 1)[tr {Ψ2j+1,2k,1}] = 0
for any t > 0. This implies
(4.36) [tr {Ψ2j+1,2k,1}] = 0
for all 1 ≤ k ≤ j, then
(4.37) [tr {ψ2j+1D,H }] = [tr {ψ2j+1Ds,Hs}] + [tr {ψ
2j+1
DQ,HQ
}],
i.e.
(4.38) v2j+1(E,D) = v2j+1(S,DS) + v2j+1(Q,DQ) = v2j+1(Q,DQ)
for j ≥ 0 . Using (4.17), we can prove the vanishing of v2j+1(E,D) by induction
on the rank.
5. Proof of Theorem 1.3
Let (X,ω) be a compact Hermitian manifold of dimension n and suppose that
∂∂¯ωn−1 = 0 and ∂∂¯ωn−2 = 0. Let (E, ∂¯E , θ) be a rank r Higgs bundle over
X , H be a Hermitian metric on E. Define the Hitchin-Simpson connection by
DH,θ = DH + θ + θ
∗H , where DH is the Chern connection and θ∗H is the adjoint
of θ with respect to H . The related curvature of DH,θ is
(5.1) FH,θ = FH + [θ, θ
∗H ] + ∂Hθ + ∂¯Eθ∗H .
The Chern character forms chk(E, ∂¯E , H) ∈ Ak,k(X) are defined by
(5.2) chk(E, ∂¯E , H) =
1
k!
tr ((
√−1
2π
FH)
k).
Donaldson ([8, Proposition 6]) proved that, given two metrics H1 and H2 on E,
there exists Rk−1(H1, H2) ∈ Ak−1,k−1(X) such that
(5.3) chk(E, ∂¯E , H1)− chk(E, ∂¯E , H2) =
√−1∂¯∂Rk−1(H1, H2),
for every 1 ≤ k ≤ min {r, n}. This means that every chk(E, ∂¯E , H) determines a
Bott-Chern cohomology class chk(E, ∂¯E) ∈ Hk,kBC(X).
Since ∂∂¯ωn−1 = ∂∂¯ωn−2 = 0, the following first and second Chern numbers are
well defined,
(5.4) ch1(E, ∂¯E)[ω
n−1] =
∫
X
ch1(E, ∂¯E , H) ∧ ω
n−1
(n− 1)!
and
(5.5) ch2(E, ∂¯E)[ω
n−2] =
∫
X
ch2(E, ∂¯E , H) ∧ ω
n−2
(n− 2)! .
By the direct calculations, we have
(5.6) ch1(E, ∂¯E)[ω
n−1] =
∫
X
√−1
2π
tr (FH,θ) ∧ ω
n−1
(n− 1)! ,
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−1
8π2
∫
X
tr (FH,θ ∧ FH,θ) ∧ ω
n−2
(n− 2)!
=
−1
8π2
∫
X
{tr (FH ∧ FH) + 2tr (FH ∧ [θ, θ∗H ])
+ tr ([θ, θ∗H ] ∧ [θ, θ∗H ]) + 2tr (∂Hθ ∧ ∂¯Eθ∗H)} ∧ ω
n−2
(n− 2)!
=
−1
8π2
∫
X
{tr (FH ∧ FH) + 2tr (FH ∧ [θ, θ∗H ])
− 2∂∂¯tr (θ ∧ θ∗H) + 2tr (θ ∧ [FH , θ∗H ])} ∧ ω
n−2
(n− 2)!
=ch2(E, ∂¯E)[ω
n−2],
(5.7)
and
8π2(c2(E, ∂¯E)− r − 1
2r
c21(E, ∂¯E)) · [ωn−2]
=
∫
X
(2|∂Hθ|2 + |(F 1,1H,θ)⊥|2 − |Λω(F 1,1H,θ)⊥|2)
ωn
n!
,
(5.8)
where (F 1,1H,θ)
⊥ is the trace free part of F 1,1H,θ.
For any torsion free coherent Higgs sheaf (F , θF), define the ω-degree and ω-slope
by
(5.9) degω(F) =
∫
X
c1(detF) ∧ ω
n−1
(n− 1)!
and
(5.10) µω(F) = degω(F)
rank(F) .
We call (E, ∂¯E , θ) is stable (semi-stable) if µω(F) < (≤)µω(E) for every proper
coherent Higgs subsheaf F ⊂ E. A Higgs bundle (E, ∂¯E , θ) is said to be admitting
an approximate Hermitian-Einstein structure, if for every δ > 0, there exists a
Hermitian metric Hδ such that
(5.11) sup
X
|√−1Λω(FHδ + [θ, θ∗Hδ ])− λ · IdE |Hδ < δ.
Let’s consider the following perturbed equation on (X,ω):
(5.12)
√−1Λω(FH + [θ, θ∗H ])− λ · IdE + ǫ log(K−1H) = 0,
where K is a fixed Hermitian metric on E. Making use of the continuous method
in [29] and applying the Fredholmness of the elliptic operators, one can see that
the above perturbed equation can be solved for any ǫ ∈ (0, 1]. Letting Hǫ be the
solution of the equation (5.12), we can conclude that ([23, Lemma 2.2])
(5.13)
1
2
√−1Λω∂∂(| log(K−1Hǫ)|2K) ≥ ǫ| log(K−1Hǫ)|2K−|
√−1ΛωFK,θ−λIdE |K | log(K−1Hǫ)|K ,
and then
(5.14) sup
X
ǫ| log(K−1Hǫ)|K ≤ sup
X
|√−1ΛωFK,θ − λIdE |K .
By conformal transformation, we can assume that the backgroundmetricK satisfies
(5.15) tr (
√−1Λω(FK + [θ, θ∗K ])− λ · IdE) = 0.
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Then, the equation (5.12) and the maximum principle imply
(5.16) det(K−1Hǫ) = 1
for every ǫ ∈ (0, 1].
If the Higgs bundle (E, ∂¯E , θ) is semi-stable, we have ([23, Theorem 3.2])
(5.17) sup
X
ǫ| log(K−1Hǫ)|K = sup
X
ǫ| log(K−1Hǫ)|Hǫ → 0,
as ǫ→ 0. Furthermore, we have the following theorem:
Theorem 5.1 ([23]). Let (X,ω) be a compact Hermitian manifold of dimension n
satisfying ∂∂¯ωn−1 = 0, and (E, ∂¯E , θ) be a Higgs bundle over X. Then (E, ∂¯E , θ) is
semi-stable if and only if it admits an approximate Hermitian-Einstein structure.
For any Hermitian metric H on E, applying Lemma 2.7 in [28], we obtain
(5.18) |√−1Λω[θ, θ∗H ]|H = |[θ, θ∗H ]|H,ω ≥ a1|θ|2H,ω − a2|θ|2K,ω,
where a1 and a2 are positive constants depending only on r and n. By choosing
complex coordinates {z1, · · · , zn} at the considered point, we deduce:
√−1Λω∂∂¯|θ|2Hǫ,ω =|∇θ|2Hǫ,ω +Re〈gαβ¯(∇∂¯β∇∂α −∇∂α∇∂¯β )θ, θ〉
+ 2Re〈gαβ¯∇∂α∇∂¯βθ, θ〉
=Re〈−[√−1ΛωFHǫ , θ], θ〉 −Re〈θ♯R, θ〉+ |∇θ|2Hǫ,ω
+ 2Re〈gαβ¯∇∂α∇∂βθ, θ〉
≥Re〈[√−1Λω[θ, θ∗Hǫ ], θ], θ〉+Re〈[ǫ log(K−1Hǫ), θ], θ〉
+ |∇θ|2Hǫ,ω − Cˇ1|θ|2Hǫ,ω − Cˇ2|∇θ|Hǫ,ω|θ|Hǫ,ω,
(5.19)
where we have used that Hǫ satisfies the perturbed equation (5.12) and ∂Eθ = 0,
Cˇ1 and Cˇ2 are positive constants depending only on the geometry of (X,ω). Of
course (5.18) implies:
Re〈[√−1Λω[θ, θ∗Hǫ ], θ], θ〉 = |
√−1Λω[θ, θ∗Hǫ ]|2Hǫ,ω
≥ a
2
1
2
|θ|4Hǫ,ω − a22|θ|4K,ω.
(5.20)
Combining this and (5.19), (5.14) gives us that
(5.21)
√−1Λω∂∂|θ|2Hǫ,ω ≥
1
2
|∇θ|2Hǫ,ω +
a21
2
|θ|4Hǫ,ω − Cˇ3|θ|2Hǫ,ω − a22|θ|4K,ω,
where Cˇ3 is a positive constant depending only on supX |ΛωFK,θ|K and the geom-
etry of (X,ω). Then the maximum principle means:
(5.22) sup
X
|θ|2Hǫ,ω ≤ Cˇ4,
where Cˇ4 is a positive constant depending only on supX |θ|K,ω , supX |ΛωFK,θ|K
and the geometry of (X,ω).
For a Higgs bundle (E˜, ∂¯E˜ , θ˜) and a Hermitian metric H˜ on E˜, set D
′′
E˜
= ∂¯E˜ + θ˜
andD
′
H˜
= ∂H˜+θ˜
∗H˜ , sometimes we omit the subscript for simplicity. Then (D
′′
E˜
)2 =
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0 and (D
′
H˜
)2 = 0. The Dolbeault cohomology groups are defined by
(5.23) HiDol(E˜) =
Ker(D
′′
E˜
: Ai(E˜)→ Ai+1(E˜))
Im(D
′′
E˜
: Ai−1(E˜)→ Ai(E˜)) .
For a flat bundle (V,D), the de Rham cohomology groups are defined by
(5.24) HiDR(V ) =
Ker(D : Ai(V )→ Ai+1(V ))
Im(D : Ai−1(V )→ Ai(V )) .
Lemma 5.1. Suppose (E˜, ∂¯E˜ , θ˜, H˜) is a Higgs bundle over (X,ω) with FH˜,θ˜ =
(DH˜,θ˜)
2 = 0. If ∂∂¯ωn−1 = 0, then H0DR(X, E˜) = H
0
Dol(X, E˜).
Proof. For any e ∈ H0DR(X, E˜), we have
(5.25)
√−1Λω∂∂¯|e|2H˜ = |D
′′
Ee|2H˜ + |D
′
H˜
e|2
H˜
.
Integrating both sides of this equation derives e ∈ H0Dol(X, E˜). Similarly, if e ∈
H0Dol(X, E˜), we get
(5.26)
√−1Λω∂∂¯|e|2H˜ = |∂H˜e|2H˜ + |θ∗(e)|2H˜ .
Hence e ∈ H0DR(X, E˜).
Proof of Theorem 1.3. Suppose (E, ∂¯E , θ) is a polystable Higgs bundle with the
vanishing Chern number (1.19). By the Hitchin-Kobayashi correspondence for
Higgs bundles over compact Gauduchon manifolds([2, 16, 19]), there is a Hermitian-
Einstein metric H on (E, ∂¯E , θ). The identity (5.8) implies ∂Hθ = 0 and FH +
[θ, θ∗H ] = 1r trFH ⊗ IdE , then the curvature of the related Hitchin-Simpson connec-
tion DH,θ satisfies
(5.27)
√−1FDH,θ =
√−1
r
trFH ⊗ IdE .
Since [α]DR = [
√−1
r trFH ]DR =
2π
r c1(E), there exists a 1-form η such that α =√−1
r trFH + dη. Set DˆH,θ = DH,θ −
√−1η ⊗ IdE , then
(5.28)
√−1FDˆH,θ = α⊗ IdE .
If assume that Λωα = λ in advance, we have
(5.29)
√−1
r
trFH = α.
In fact, the conditions that ∂∂¯ωn−1 = ∂∂¯ωn−2 = 0 and
∫
X
∂[η] ∧ ωn−1(n−1)! = 0 for
any Dolbeault class [η] ∈ H0,1(X) ensure the global ∂∂-lemma holds on (X,ω).
Because
√−1
r trFH and α are both real (1, 1)-forms in the same class, there exists
a real function f such that
(5.30)
√−1
r
trFH = α+
√−1∂∂f.
The Hermitian-Einstein equation means that f is constant, so we have (5.29).
Conversely, assume (E,D) is a semi-simple projectively flat bundle. Since (X,ω)
satisfies the global ∂∂-lemma, BC(E,D) = 0. By Theorem 1.1, there is a unique
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harmonic metric H such that GH = 0. Thus (E, ∂¯H , ψ
1,0
H ) is a polystable Higgs
bundle with vanishing Chern number (1.19).
Let (∂¯1, θ1) and (∂¯2, θ2) be two poly-stable Higgs structures on E with vanishing
Chern number (1.19), H1 and H2 be the corresponding Hermitian-Einstein metrics,
D1 and D2 be the corresponding Hitchin-Simpson connections. Set the induced
Higgs bundle
(5.31) (E˜, ∂¯E˜ , θ˜) = (E, ∂¯1, θ1)⊗ (E, ∂¯2, θ2)∗,
and the induced bundle
(5.32) (E˜, D˜) = (E,D1)⊗ (E,D2)∗.
It is easy to see that (E˜, D˜) is a flat bundle. From Lemma 5.1, we knowH0DR(X, E˜) =
H0Dol(X, E˜). Hence there is an equivalence of categories between the category of
poly-stable Higgs bundles with vanishing Chern number (1.19) and the category of
semi-simple projectively flat bundles. So we have constructed a one-to-one corre-
spondence between the moduli spaces CsDol(E) and CsDR(E,α).
6. The Yang-Mills-Higgs flow
Suppose (X, J, g) is a compact Hermitian manifold of dimension n with the
associated Ka¨hler form ω satisfying ∂∂¯ωn−1 = ∂∂¯ωn−2 = 0. Let (E,H0) be a
Hermitian vector bundle over X , AH0 be the space of connections on E compatible
with the metric H0, and A1,1H0 be the space of unitary integrable connections on E.
Set
(6.1) BE,H0 = {(A, φ) ∈ A1,10 × Ω1,0(End(E)) | ∂¯Aφ = 0, φ ∧ φ = 0}.
The element (A, φ) ∈ BE,H0 is called a Higgs pair which determines a Higgs bundle
(E,D0,1A , φ). Define the Yang-Mills-Higgs functional on the space of Higgs pairs
BE,H0 by
(6.2) YMH(A, φ) =
∫
X
|FA + [φ, φ∗H0 ]|2H0,ω + 2|∂Aφ|2H0,ωdvg,
where dvg is the volume form.
Consider the following modified Yang-Mills-Higgs flow (it is the gradient flow of
Yang-Mills-Higgs functional in Ka¨hler manifolds case):
(6.3)


∂A(t)
∂t
= −√−1(∂A(t) − ∂¯A(t))Λω(FA(t) + [φ(t), φ∗H0 (t)]),
∂φ(t)
∂t
= −[√−1Λω(FA(t) + [φ(t), φ∗H0 (t)]), φ(t)],
A(0) = A0, φ(0) = φ0.
As that in [17], we can obtain the long time existence and uniqueness of solution
to the modified Yang-Mills-Higgs flow. Indeed, let H(t) be the long time solution
of the following Hermitian-Yang-Mills flow on the Higgs bundle (E, ∂¯A0 , φ0)
(6.4)

H
−1(t)
∂H(t)
∂t
= −2(√−1Λω(FH(t) + [φ0, φ∗H(t)0 ])− λId),
H(0) = H0,
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where λ = 2π
Vol(X,ω)
µω(E, ∂¯A0). There is a family of complex gauge transformations
σ(t) satisfying σ∗H0(t)σ(t) = H−10 H(t), such that (A(t), φ(t)) = σ(t)(A0, φ0) is a
solution of the modified Yang-Mills-Higgs flow, where
(6.5) ∂σ(A0) = σ ◦ ∂A0 ◦ σ−1, ∂σ(A0) = (σ∗H0)−1 ◦ ∂A0 ◦ σ∗H0 ;
(6.6) σ(φ0) = σ ◦ φ0 ◦ σ−1.
When there is no confusion, we denote (A(t), φ(t)), H(t) and σ(t) by (A, φ), H and
σ for simplicity. It is straightforward to check that
∂¯Aφ
∗H0 = σ ◦ ∂¯A0φ∗H0 ◦ σ−1,
∂Aφ = σ ◦ ∂Hφ0 ◦ σ−1,
FA + [φ, φ
∗H0 ] = σ ◦ (FH + [φ0, φ∗H0 ]) ◦ σ−1,
DA,φ(Λω(FA + [φ, φ
∗H0 ])) = σ ◦ (DH,φ0(Λω(FH + [φ0, φ∗H0 ]))) ◦ σ−1.
(6.7)
Along the flow, we have
YMH(A(t), φ(t))
=
∫
X
|FA(t) + [φ(t), φ∗H0 (t)]|2H0 + 2|∂A(t)φ(t)|2H0dvg
=
∫
X
|FH(t) + [φ0, φ∗H(t)0 ]|2H(t) + 2|∂A0φ0|2H(t)dvg
=
∫
X
|Λω(FH(t) + [φ0, φ∗H(t)0 ])|2H(t)dvg − 8π2ch2(E, ∂¯A0)[ωn−2]
=
∫
X
|√−1Λω(FH(t) + [φ0, φ∗H(t)0 ])− λIdE |2H(t)dvg
+ λ2rank(E)Vol(X,ω)− 8π2ch2(E, ∂¯A0)[ωn−2]
=
∫
X
|√−1Λω(FA(t) + [φ(t), φ∗H0 (t)])− λIdE |2H0dvg
+ λ2rank(E)Vol(X,ω)− 8π2ch2(E, ∂¯A0)[ωn−2].
(6.8)
Furthermore, if H(t) is a solution of the Hermitian-Yang-Mills flow (6.4), by the
same discussion as that in [27, Lemma 6.1], we get ([13, Lemma 1] or [30, Proposi-
tion 2.1])
(6.9) (
∂
∂t
− 2√−1Λω∂∂¯)tr (Ψ(t)) = 0,
(6.10) (
∂
∂t
− 2√−1Λω∂∂¯)|Ψ(t)|2H(t) = −2|DH(t),φ0Ψ(t)|2H(t),
where we have set Ψ(t) =
√−1Λω(FH(t) + [φ0, φ∗H(t)0 ])− λId for simplicity. By the
conformal transformation, we can suppose that trΨ(0) = 0, then we have
(6.11) trΨ(t) = 0,
(6.12) det(H−10 H(t)) = 1, and trFH(t) = trFH0
for all t ≥ 0. Based on (6.8) and (6.10), we establish the following proposition.
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Proposition 6.1. Let (A, φ) be a solution of the modified Yang-Mills-Higgs flow
(6.3), then supX |
√−1Λω(FA+[φ, φ∗H0 ])−λId|H0 is uniformly bounded and YMH(t)
is decreasing along the flow. Furthermore, if tr Ψ(0) = 0, then trFA(t) = trFA0 for
all t ≥ 0.
It is well known that there are two connections on the tangent bundle TX : Chern
connection and Levi-Civita connection. They are coincide on Ka¨hler manifolds, but
they are different in non-Ka¨hler manifolds case. In the rest of this section, we use
∇ˆ (∇) to denote the Chern connection (the Levi-Civita connection) on X with
respect to ω, and ∇ˆA (∇A) to denote the induced connection in Λ•X ⊗End(E) by
DA and ∇ˆ (∇). Notice that for a smooth function f on a non-Ka¨hler manifold,
there holds
(6.13) ∆f = 2
√−1Λω∂∂¯f + 〈df, V 〉,
where V = ∗(−√−1(∂¯−∂)ωn−1) and ∆ is the Beltrami-Laplacian. One has already
known that
(6.14) ∇ˆg = 0, ∇ˆJ = 0, and T 1,1 = 0,
where T is the torsion tensor of ∇ˆ. In a local complex coordinate {z1, · · · , zn}, we
have
(6.15) ∇ˆ ∂
∂z¯β
∂
∂zα
= ∇ˆ ∂
∂zα
∂
∂z¯β
= 0.
Let us recall the Bianchi identity DAFA = 0, equivalently we have
(6.16)
∑
∇ˆA,XFA(Y, Z) = −
∑
FA(T (X,Y ), Z),
where
∑
is the rotation sum of X,Y, Z and ∇ˆA,X is the covariant derivative in the
direction X with respect to the connection ∇ˆA. In fact, for any θ ∈ Ω2(X), it holds
that
(6.17) dθ(X,Y, Z) =
∑
∇ˆXθ(Y, Z) +
∑
θ(T (X,Y ), Z).
For every Higgs pair (A, φ), we know that ∂Aφ = 0, this is equivalent to
(6.18) ∇ˆ0,1A φ = 0.
For this reason, in the following calculations, we will choose the Chern connection
∇ˆ on the base manifold.
As that in [17, Section 2.2], the following result comes from a direct computation.
Proposition 6.2. Let (A, φ) be a solution of the modified Yang-Mills-Higgs flow
(6.3), then
(6.19) (2
√−1Λω∂∂¯− ∂
∂t
)|φ|2 ≥ 2|∇ˆAφ|2+C1(|φ|2+1)2−C2(|φ|2+1)−C3|∇ˆAφ|·|φ|,
where the constants C1, C2, C3 depend only on supX |φ0|H0 and the geometry of
(X,ω). So we get supX |φ|2 ≤ max{supX |φ0|2, C2/C1 + C23/4C1} for every t ≥ 0.
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Proposition 6.3. Let (A, φ) be a solution of the modified Yang-Mills-Higgs flow
(6.3), and ξ be a closed (1, 1)-form on (X,ω) with Λωξ = λ for some constant λ.
Then
(2
√−1Λω∂∂¯ − ∂
∂t
)|∇ˆAφ|2 − 2|∇ˆA∇ˆAφ|2
≥− C4(|FA|+ |Rω|+ |φ|2)|∇ˆAφ|2
− C5(|∇ˆRω|+ |T | · |FA|)|φ| · |∇ˆAφ|,
(6.20)
and
(2
√−1Λω∂∂¯ − ∂
∂t
)(|FA + [φ, φ∗H0 ]− ξ ⊗ IdE |2 + 2|∂Aφ|2)
≥2|∇ˆA∂Aφ|2 + |∇ˆA(FA + [φ, φ∗H0 ]− ξ ⊗ IdE)|2
− C6(|T |2 + |∇ˆAT |+ |FA|+ |Rω |+ |∇ˆAφ|+ |φ|2)(|FA + [φ, φ∗H0 ]− ξ ⊗ IdE |2 + 2|∂Aφ|2),
(6.21)
where the constants C4, C5, C6 depend only on the dimension of X and the rank of
E, Rω is the curvature tensor of the Chern connection ∇ˆ with respect to ω.
Proof. For any point p ∈ X , we choose a local complex coordinate {z1, · · · , zn}
centered at p and with gαβ¯(p) = δαβ . Using the Bianchi identity (6.16), ∂Aφ = 0
and φ ∧ φ = 0, we obtain
2
√−1Λω∂∂¯(|∇ˆAφ|2)
=2|∇ˆA∇ˆAφ|2 − 2Re〈[
√−1ΛωFA, ∇ˆA,γφ], ∇ˆA,γφ〉
− 4Re〈[∂A,γ(
√−1Λω(FA + [φ, φ∗H0 ])), φ], ∇ˆA,γφ〉
+ 4Re〈[[∇ˆA,γφα, φ∗H0α¯ ], φ], ∇ˆA,γφ〉
+ 2Re〈[Flα¯, φ]T lαγ , ∇ˆA,γφ〉 − 4Re〈[Fγα¯, ∇ˆA,αφ], ∇ˆA,γφ〉
+ 2Re〈(∇ˆA,α(φlRlβγα¯) + ∇ˆA,αφlRlβγα¯ + ∇ˆA,lφβRlαγα¯)dzβ , ∇ˆA,γφ〉,
(6.22)
2
√−1Λω∂∂¯(2|∂Aφ|2)
=4|∇ˆA∂Aφ|2 − 4Re〈[
√−1ΛωFA, ∂Aφ], ∂Aφ〉+ 4Re〈(DAγ φβ −DAβ φγ)∇ˆα¯∇ˆαdzα ∧ dzβ, ∂Aφ〉
− 8Re〈[∂A(
√−1Λω(FA + [φ, φ∗H0 ])), φ], ∂Aφ〉 + 8Re〈[[φγ , φ∗α¯], DAαφβ −DAβ φα]dzγ ∧ dzβ, ∂Aφ〉
+ 8Re〈[Flα¯ + [φl, φ∗α¯]− ξlα¯ ⊗ IdE , φβ ]T lαγdzγ ∧ dzβ, ∂Aφ〉
− 8Re〈[(Fγα¯ + [φγ , φ∗α¯]− ξγα¯ ⊗ IdE), ∇ˆA,αφβ ]dzγ ∧ dzβ, ∂Aφ〉
− 8Re〈[[φα, ∂Aφ], φ∗α¯], ∂Aφ〉,
(6.23)
2
√−1Λω∂∂¯|FA + [φ, φ∗]− ξ ⊗ IdE |2
=2|∇ˆA(FA + [φ, φ∗]− ξ ⊗ IdE)|2
+ 2Re〈(∇ˆA,α∇ˆA,α¯ + ∇ˆA,α¯∇ˆA,α)(FA + [φ, φ∗H0 ]− ξ ⊗ IdE), FA + [φ, φ∗]− ξ ⊗ IdE〉,
(6.24)
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∇ˆA,α∇ˆA,α¯(FA + [φ, φ∗H0 ]− ξ ⊗ IdE)
=− ∇ˆA,α((Fβl¯ + [φβ , φ∗¯l ]− ξβl¯ ⊗ IdE)T l¯α¯γ¯)dzβ ∧ dz¯γ
+ ∇ˆA,α([φβ , DAα¯φ∗γ¯ −DAγ¯ φ∗α¯])dzβ ∧ dz¯γ
+ ∇ˆA,γ¯([DAαφβ −DAβ φα, φ∗α¯])dzβ ∧ dz¯γ
+ [Fαγ¯ , (Fβα¯ + [φβ , φ
∗
α¯]− ξβα¯ ⊗ IdE)]dzβ ∧ dz¯γ
−Rlβαγ¯(Flα¯ + [φl, φ∗α¯]− ξlα¯ ⊗ IdE)dzβ ∧ dz¯γ
−Rl¯α¯αγ¯(Fβl¯ + [φβ , φ∗¯l ]− ξβl¯ ⊗ IdE)dzβ ∧ dz¯γ
+ ∇ˆA,γ¯(∇ˆA,β(Fαα¯ + [φα, φ∗α¯]− ξαα¯ ⊗ IdE))dzβ ∧ dz¯γ
− ∇ˆA,γ¯(T lαβ(Flα¯ + [φl, φ∗α¯]− ξlα¯ ⊗ IdE))dzβ ∧ dz¯γ ,
(6.25)
and
∇ˆA,α¯∇ˆA,α(FA + [φ, φ∗H0 ]− ξ ⊗ IdE)
=∇ˆA,α¯(T lαβ(Flγ¯ + [φl, φ∗γ¯ ]− ξlγ¯ ⊗ IdE))dzβ ∧ dz¯γ
+ ∇ˆA,α¯([DAαφβ −DAβ φα, φ∗γ¯ ])dzβ ∧ dz¯γ
− [Fβα¯, (Fαγ¯ + [φα, φ∗γ¯ ]− ξαγ¯ ⊗ IdE)]dzβ ∧ dz¯γ
+Rlαβα¯(Flγ¯ + [φl, φ
∗
γ¯ ]− ξlγ¯ ⊗ IdE)dzβ ∧ dz¯γ
−Rl¯γ¯βα¯(Fαl¯ + [φα, φ∗¯l ]− ξαl¯ ⊗ IdE)dzβ ∧ dz¯γ
+ ∇ˆA,β(∇ˆA,γ¯(Fαα¯ + [φα, φ∗α¯]− ξαα¯ ⊗ IdE))dzβ ∧ dz¯γ
− ∇ˆA,β(T l¯α¯γ¯(Fαl¯ + [φα, φ∗¯l ]− ξαl¯ ⊗ IdE))dzβ ∧ dz¯γ
+ ∇ˆA,β([φα, DAα¯φ∗γ¯ −DAγ¯ φ∗α¯])dzβ ∧ dz¯γ .
(6.26)
On the other hand, by the Yang-Mills-Higgs flow (6.3), we have
∂
∂t
|∇ˆAφ|2 = −4Re〈[∂A,γ(
√−1Λω(FA + [φ, φ∗H0 ])), φ], ∇ˆA,γφ〉
− 2Re〈[√−1Λω(FA + [φ, φ∗H0 ]), ∇ˆA,γφ], ∇ˆA,γφ〉,
(6.27)
and
∂
∂t
(|FA + [φ, φ∗H0 ]− ξ ⊗ IdE |2 + 2|∂Aφ|2)
=− 2Re〈√−1(∂¯A∂A − ∂A∂¯A)Λω(FA + [φ, φ∗H0 ]), FA + [φ, φ∗H0 ]− ξ ⊗ IdE〉
− 4Re〈[[√−1Λω(FA + [φ, φ∗H0 ]), φ], φ∗H0 ], FA + [φ, φ∗H0 ]− ξ ⊗ IdE〉
+ 2Re〈[√−1Λω(FA + [φ, φ∗H0 ]), [φ, φ∗H0 ]], FA + [φ, φ∗H0 ]− ξ ⊗ IdE〉
− 4Re〈2[∂A(
√−1Λω(FA + [φ, φ∗H0 ])), φ] + [
√−1Λω(FA + [φ, φ∗H0 ]), ∂Aφ], ∂Aφ〉.
(6.28)
Then, (6.22) and (6.27) mean (6.20), at the same time, (6.23), (6.24), (6.25), (6.26)
and (6.28) imply (6.21).
6.1. Monotonicity inequality and ǫ-regularity. Regard X as a compact Rie-
mannian manifold of dimension 2n. For any x0 ∈ X , choose normal geodesic
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coordinates {xi}2ni=1 in the geodesic ball Br(x0)(r ≤ iX , where iX is the injective
radius of X) such that x0 = (0, · · · , 0). Then it follows that
(6.29) |gij(x) − δij | ≤ C|x|2, |∂kgij(x)| ≤ C|x|, ∀x ∈ Br(x0),
where C is a positive constant depending only on x0.
Let u = (x, t) ∈ X × R. For any u0 = (x0, t0) ∈ X × R+, set
Sr(u0) = X × {t = t0 − r2},
Tr(u0) = X × [t0 − 4r2, t0 − r2],
Pr(u0) = Br(x0)× [t0 − r2, t0 + r2].
(6.30)
For simplicity, we denote Sr(0, 0), Tr(0, 0), Pr(0, 0) by Sr, Tr, Pr.
Proposition 6.4. Let (A, φ) be a solution of the modified Yang-Mills-Higgs flow
with the initial value (A0, φ0). For any u0 = (x0, t0) ∈ X×R+, r ∈ (0,min{
√
t0, iX/2}),
we have
(6.31)
∫
Pr(u0)
|∇ˆAφ|2dvgdt ≤ C9r2n,
where the constant C9 depends only on the geometry of (X,ω) and supX |φ0|H0 .
Proof. Choose f ∈ C∞0 (B2r(x0)) satisfying 0 ≤ f ≤ 1, f ≡ 1 on Br(x0), |df | ≤ 4/r
and |∆f | ≤ 16/r2 on B2r(x0) \Br(x0). According to Proposition 6.2, we obtain
(∆− ∂
∂t
)f2|φ|2
=2|df |2|φ|2 + 2f |φ|2∆f + 4f〈df, d|φ|2〉+ f2(∆− ∂
∂t
)|φ|2
≥2|df |2|φ|2 + 2f |φ|2∆f − 8f |df | · |φ| · |∇ˆAφ|+ 2f2|∇ˆAφ|2
− C2f2(|φ|2 + 1)− C3f2|φ| · |∇ˆAφ| − f2|V | · |φ| · |∇ˆAφ|
≥f2|∇ˆAφ|2 − C¯1 − C¯2(|df |2 + |∆f |),
(6.32)
where the constants C¯1, C¯2 depend only on the geometry of (X,ω) and supX |φ0|H0 ,
and V is the 1-form defined in (6.13). One can conclude this proposition by inte-
grating both sides of the inequality over X × [t0 − r2, t0 + r2].
The fundamental solution of (backward) heat equation with singularity at u0 =
(x0, t0) is
(6.33) Gu0(x, t) = G(x0,t0)(x, t) =
1
(4π(t0 − t))2n exp
(
− |x− x0|
2
4(t0 − t)
)
, t ≤ t0.
For simplicity, denote G(0,0)(x, t) by G(x, t).
Given 0 < R ≤ iX , we take f ∈ C∞0 (BR) satisfying 0 ≤ f ≤ 1, f ≡ 1 on
BR/2 and |∇f | ≤ 2/R on BR \ BR/2. Let (A, φ) be a solution of the modified
Yang-Mills-Higgs flow with initial value (A0, φ0) and A
′
= A + φ + φ∗. For any
(x, t) ∈ X × [0,+∞), set
(6.34) e(A, φ)(x, t) = |FA′ |2
and
(6.35) Φ(r) = r2
∫
Tr(u0)
e(A, φ)f2Gu0dvgdt.
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Theorem 6.1. Let (A, φ) be a solution of the modified Yang-Mills-Higgs flow. For
any u0 = (x0, t0) ∈ X × [0, T ] and 0 < r1 ≤ r2 ≤ min{R/2,
√
t0/2}, we have
Φ(r1) ≤C10 exp(C10(r2 − r1))Φ(r2) + C10(r22 − r21)YMH(A0, φ0)
+ C10R
2−2n
∫
PR(u0)
e(A, φ)dvgdt,
(6.36)
where the constant C10 depends only on the geometry of (X,ω).
Proof. Choose normal geodesic coordinates {xi}2ni=1 in the geodesic ball BR(x0).
Let x = rx˜, t = t0 + r
2 t˜. There holds that
Φ(r) = r2
∫
Tr(u0)
e(A, φ)f2Gu0dvgdt
= r2
∫ t0−r2
t0−4r2
∫
R2n
e(A, φ)(x, t)f2(x)Gu0 (x, t)
√
det (gij)(x)dxdt
= r4
∫ −1
−4
∫
R2n
e(A, φ)(rx˜, t0 + r
2 t˜)f2(rx˜)G(x˜, t˜)
√
det (gij)(rx˜)dx˜dt˜.
(6.37)
Then one can see that
dΦ(r)
dr
= 4r3
∫ −1
−4
∫
R2n
e(A, φ)(rx˜, t0 + r
2 t˜)f2(rx˜)G(x˜, t˜)
√
det (gij)(rx˜)dx˜dt˜
+ r3
∫ −1
−4
∫
R2n
{xi∂ie(A, φ)(rx˜, t0 + r2 t˜)}f2(rx˜)G(x˜, t˜)
√
det (gij)(rx˜)dx˜dt˜
+ r3
∫ −1
−4
∫
R2n
{2(t− t0)∂te(A, φ)(rx˜, t0 + r2 t˜)}f2(rx˜)G(x˜, t˜)
√
det (gij)(rx˜)dx˜dt˜
+ r4
∫ −1
−4
∫
R2n
e(A, φ)(rx˜, t0 + r
2 t˜)
d
dr
{f2(rx˜)
√
det (gij)(rx˜)}G(x˜, t˜)dx˜dt˜
=I1 + I2 + I3 + I4.
(6.38)
First, we have
I2 = r
∫
Tr(u0)
{xi∂ie(A, φ)(x, t)}f2(x)Gu0 (x, t)dvgdt
= 2rRe
∫
Tr(u0)
〈xi∇iFA′ , FA′ 〉f2Gu0dvgdt
= 2rRe
∫
Tr(u0)
〈xi∇iFA′ (∂j , ∂k)dxj ∧ dxk, FA′ 〉f2Gu0dvgdt.
(6.39)
From the Bianchi identity
(6.40) DA′FA′ = DAFA′ + [φ+ φ
∗, FA′ ] = 0,
it follows that
∇iFA′ (∂j , ∂k) =− [φi + φ∗i , FA′ ,jk] +∇jFA′ (∂i, ∂k) + [φj + φ∗j , FA′ ,ik]
−∇kFA′ (∂i, ∂j)− [φk + φ∗k, FA′ ,ij ],
(6.41)
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and
〈xi∇jFA′ (∂i, ∂k)dxj ∧ dxk, FA′ 〉
=〈xiDA(FA′ ,ikdxk)− xi(FA′ (∇j∂i, ∂k) + FA′ (∂i,∇j∂k))dxj ∧ dxk, FA′ 〉
=〈DA(xiFA′ ,ikdxk)− xiFA′ (∇j∂i, ∂k)dxj ∧ dxk, FA′ 〉 − |FA′ |2,
(6.42)
and
− 〈xi∇kFA′ (∂i, ∂j)dxj ∧ dxk, FA′ 〉
=〈xiDA(FA′ ,ijdxj) + xi(FA′ (∇k∂i, ∂j) + FA′ (∂i,∇k∂j))dxj ∧ dxk, FA′ 〉
=〈DA(xiFA′ ,ijdxj) + xiFA′ (∇k∂i, ∂j)dxj ∧ dxk, FA′ 〉 − |FA′ |2.
(6.43)
Under the condition ∂∂¯ωn−2 = ∂∂¯ωn−1 = 0, Demailly ([5]) proved
(6.44) ∂∗A =
√−1[Λω, ∂¯]− τ∗, ∂¯∗A = −
√−1[Λω, ∂A]− τ¯∗,
where τ = [Λω, ∂ω]. Letting x⊙ FA′ = xiFA′ ,ijdxj , we derive
Re〈x⊙ FA′ , D∗AFA′ 〉
=−Re〈x⊙ FA′ ,
∂A
∂t
〉+Re〈x⊙ FA′ ,
√−1Λω((∂¯A − ∂A)[φ, φ∗])〉
+Re〈x⊙ FA′ ,
√−1Λω([FA, φ]− [FA, φ∗])〉
−Re〈x⊙ FA′ , (τ∗ + τ¯∗)FA′ 〉.
(6.45)
It is not hard to find that
〈xi[φi + φ∗i , FA′ ], FA′ 〉 = 0.(6.46)
Because of (FA + [φ, φ
∗])∗ = −(FA + [φ, φ∗]), (∂Aφ + ∂¯Aφ∗)∗ = ∂Aφ + ∂¯Aφ∗, we
know
Re〈[φ+ φ∗, x⊙ FA′ ], FA′ 〉
=Re〈[φ+ φ∗, x⊙ (FA + [φ, φ∗])], ∂Aφ+ ∂¯Aφ∗〉
+Re〈[φ+ φ∗, x⊙ (∂Aφ+ ∂¯Aφ∗)], FA + [φ, φ∗]〉,
(6.47)
where
〈[φ, x ⊙ (FA + [φ, φ∗])], ∂Aφ〉 =〈x⊙ (FA + [φ, φ∗]),
√−1Λω∂A[φ, φ∗]〉,
〈[φ∗, x⊙ (FA + [φ, φ∗])], ∂¯Aφ∗〉 =− 〈x⊙ (FA + [φ, φ∗]),
√−1Λω∂¯A[φ, φ∗]〉
(6.48)
and
〈[φ∗, x⊙ (∂Aφ+ ∂¯Aφ∗)], FA + [φ, φ∗]〉
=− 〈x⊙ (∂Aφ+ ∂¯Aφ∗),
√−1Λω[FA + [φ, φ∗], φ]〉
+ 〈x⊙ (∂Aφ+ ∂¯Aφ∗), [
√−1Λω(FA + [φ, φ∗]), φ]〉,
〈[φ, x ⊙ (∂Aφ+ ∂¯Aφ∗)], FA + [φ, φ∗]〉
=〈x ⊙ (∂Aφ+ ∂¯Aφ∗),
√−1Λω[FA + [φ, φ∗], φ∗]〉
− 〈x⊙ (∂Aφ+ ∂¯Aφ∗), [
√−1Λω(FA + [φ, φ∗]), φ∗]〉.
(6.49)
32
So
Re〈[φ+ φ∗, x⊙ FA′ ], FA′ 〉
=−Re〈x⊙ FA′ ,
√−1Λω((∂¯A − ∂A)[φ, φ∗])〉
−Re〈x⊙ FA′ ,
√−1Λω([FA, φ]− [FA, φ∗])〉
−Re〈x⊙ FA′ ,
∂φ
∂t
+
∂φ∗
∂t
〉.
(6.50)
Combining (6.41), (6.42), (6.43), (6.45), (6.46) and (6.50), and using φ ∧ φ = 0, we
deduce
I1 + I2 =− 4rRe
∫
Tr(u0)
〈d(f2Gu0) ∧ x⊙ FA′ , FA′ 〉dvgdt
− 4rRe
∫
Tr(u0)
〈x⊙ FA′ ,
∂A
′
∂t
〉f2Gu0dvgdt
+ 4rRe
∫
Tr(u0)
〈xiFA′ (∇k∂i, ∂j)dxj ∧ dxk, FA′ 〉f2Gu0dvgdt
− 4rRe
∫
Tr(u0)
〈x⊙ FA′ , (τ∗ + τ¯∗)FA′ 〉f2Gu0dvgdt.
(6.51)
Noting that
〈FA′ ,
[
φ,
∂A
′
∂t
]
〉 =〈∂Aφ,
[
φ,
∂A
′
∂t
]
〉+ 〈FA + [φ, φ∗],
[
φ,
∂A
′
∂t
]
〉
=〈√−1Λω[∂Aφ, φ∗], ∂A
′
∂t
〉+ 〈√−1Λω[FA + [φ, φ∗], φ∗], ∂A
′
∂t
〉
− 〈[√−1Λω(FA + [φ, φ∗]), φ∗], ∂A
′
∂t
〉,
(6.52)
〈FA′ ,
[
φ∗,
∂A
′
∂t
]
〉 =− 〈√−1Λω[∂¯Aφ∗, φ], ∂A
′
∂t
〉 − 〈√−1Λω[FA + [φ, φ∗], φ], ∂A
′
∂t
〉
+ 〈[√−1Λω(FA + [φ, φ∗]), φ], ∂A
′
∂t
〉,
(6.53)
and applying φ ∧ φ = 0 again, one can get
Re〈D∗AFA′ ,
∂A
′
∂t
〉+Re〈FA′ ,
[
φ+ φ∗,
∂A
′
∂t
]
〉
=−
∣∣∣∂A
∂t
∣∣∣2 − 2∣∣∣∂φ
∂t
∣∣∣2 −Re〈(τ∗ + τ¯∗)FA′ , ∂A
′
∂t
〉.
(6.54)
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The flow and Stokes formula imply that
I3 =2r
∫
Tr(u0)
(t− t0)∂te(A, φ)f2Gu0dvgdt
=− 4rRe
∫
Tr(u0)
(t− t0)
(∣∣∣∂A
∂t
∣∣∣2 + 2∣∣∣∂φ
∂t
∣∣∣2)dvgdt
− 4rRe
∫
Tr(u0)
(t− t0)〈FA′ , d(f2Gu0) ∧
∂A
′
∂t
〉dvgdt
− 4rRe
∫
Tr(u0)
(t− t0)〈(τ∗ + τ¯∗)FA′ ,
∂A
′
∂t
〉f2Gu0dvgdt.
(6.55)
Let x · FA′ = 12xigijFA′ ,jkdxk, and notice that ∂iGu0 =
xiGu0
2(t−t0) , then
I1 + I2 + I3
=4rRe
∫
Tr(u0)
1
|t− t0|
∣∣∣|t− t0|∂A′
∂t
− x⊙ FA′
∣∣∣2f2Gu0dvgdt
+ 4rRe
∫
Tr(u0)
1
|t− t0| 〈x · FA
′ − x⊙ FA′ , x⊙ FA′ − |t− t0|
∂A
′
∂t
〉f2Gu0dvgdt
+ 4rRe
∫
Tr(u0)
〈2f−1∇fxFA′ , |t− t0|
∂A
∂t
− x⊙ FA′ 〉f2Gu0dvgdt
+ 4rRe
∫
Tr(u0)
〈xiFA′ (∇k∂i, ∂j)dxj ∧ dxk, FA′ 〉f2Gu0dvgdt
+ 4rRe
∫
Tr(u0)
〈|t− t0|∂A
′
∂t
− x⊙ FA′ , (τ∗ + τ¯∗)FA′ 〉f2Gu0dvgdt.
(6.56)
Calculating straightforward, we obtain
I4 =r
∫
Tr(u0)
e(A, φ)xi∂i(f
2
√
det(gij))Gu0dxdt
=r
∫
Tr(u0)
e(A, φ)2fxi∂ifGu0dvgdt
+
r
2
∫
Tr(u0)
e(A, φ)xitr (g−1∂ig)f2Gu0dvgdt.
(6.57)
Based on (6.29) and |Γijk| ≤ C|x|, there exist constants C˜1 and C˜2, such that
|x · FA′ − x⊙ FA′ |2 =
∣∣∣1
2
xi(δij − gij)FA′ ,jldxl
∣∣∣2 ≤ C˜1|x|6|FA′ |2,
〈xiFA′ (∇j∂i, ∂k)dxj ∧ dxk, FA′ 〉 ≤ C˜1|x|2|FA′ |2,
tr (g−1∂kg) ≤ C˜1|x|,
(6.58)
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and |(τ∗ + τ¯∗)FA′ |2 ≤ C˜2|FA′ |2. Due to (6.56) and (6.57), it holds
dΦ(r)
dr
≥r
∫
Tr(u0)
1
|t− t0|
∣∣∣|t− t0|∂A′
∂t
− x⊙ FA′
∣∣∣2f2Gu0dvgdt
− C˜3r
∫
Tr(u0)
|x|6
|t− t0| |FA
′ |2f2Gu0dvgdt
− r
∫
Tr(u0)
|t− t0| · |2f−1∇xFA′ |2f2Gu0dvgdt
− C˜3r
∫
Tr(u0)
|t− t0| · |FA′ |2f2Gu0dvgdt
− C˜3r
∫
Tr(u0)
|x|2|FA′ |2f2Gu0dvgdt
− 2r
∫
Tr(u0)
|x| · |∇f | · |f | · |FA′ |2Gu0dvgdt.
(6.59)
According to Chen-Struwe’s arguments in [4], we know there exists a constant
C˜4 > 0 such that
r−1|t− t0| · |x|6Gu0 ≤ C˜4(1 +Gu0),
r−1|x|2Gu0 ≤ C˜4(1 +Gu0)
(6.60)
on Tr(u0). Hence it follows that
− C˜3r
∫
Tr(u0)
( |x|6
|t− t0| + |t− t0|+ |x|
2
)
|FA′ |2f2Gu0dvgdt
≥ −C˜5Φ(r) − C˜5rYMH(A0, φ0),
(6.61)
where the constant C˜5 depends only on C˜3 and C˜4. As that shown in [24](page 15),
we have
−r
∫
Tr(u0)
|t− t0| · |2f−1∇fxFA′ |2f2Gu0dvgdt ≥ −
C(n)r
R2n
∫
PR(u0)
|FA′ |2dvgdt,
−2r
∫
Tr(u0)
|x| · |∇f | · |f | · |FA′ |2Gu0dvgdt ≥ −
C(n)r
R2n
∫
PR(u0)
|FA′ |2dvgdt.
(6.62)
From above, it can be seen that
(6.63)
dΦ(r)
dr
≥ −C˜6Φ(r) − C˜6rYMH(A0, φ0)− C˜6r
R2n
∫
PR(u0)
|FA′ |2dvgdt.
Then integrating two sides of this inequality concludes this proof.
By the monotonicity inequality, we can derive the ǫ-regularity theorem.
Theorem 6.2. Let (A(t), φ(t)) be a solution of the modified Yang-Mills-Higgs flow.
There exist positive constants ǫ0, δ0 < 1/4, such that if
(6.64) R2−2n
∫
PR(u0)
e(A, φ)dvgdt < ǫ0
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holds for some 0 < R ≤ min{iX/2,
√
t0/2}, then for any δ ∈ (0, δ0), we have
(6.65) sup
PδR(u0)
e(A, φ) ≤ 16
(δR)4
and
(6.66) sup
PδR(u0)
|∇ˆAφ|2 ≤ C11,
where C11 is a positive constant depending only on R, δ0, supX |φ0|H0 and the
geometry of (X,ω).
Proof. RegardX as a real manifold. The proof is very similar to the one of Theorem
2.6 in [18].
For any δ ∈ (0, 1/4], define
f(r) = (2δR− r)4 sup
Pr(x0,t0)
e(A, φ).(6.67)
Since f(r) is continuous and f(2δR) = 0, we know that f(r) attains its maximum
at some point r0 ∈ [0, 2δR). Suppose (x1, t1) ∈ P¯r0(x0, t0) is a point such that
(6.68) e(A, φ)(x1, t1) = sup
Pr(x0,t0)
e(A, φ).
We claim that when ǫ0, δ0 are small enough, f(r0) ≤ 16. Otherwise, set
(6.69) ρ0 = (2δR− r0)f(r0)−1/4 = e(A, φ)(x1, t1)−1/4 < δR− r0
2
.
Rescaling the Riemannian metric g˜ = ρ−20 g and t = t1 + ρ
2
0 t˜, we get
|FA + [φ, φ∗H0 ]|2g˜ = ρ40|FA + [φ, φ∗H0 ]|2g,
|∂Aφ|2g˜ = ρ40|∂Aφ|2g, |∇ˆAφ|2g˜ = ρ40|∇ˆAφ|2g.
(6.70)
Setting
eρ0(x, t˜) = |FA + [φ, φ∗H0 ]|2g˜ + 2|∂Aφ|2g˜ = ρ40e(A, φ)(x, t1 + ρ20t˜),
bρ0(x, t˜) = |∇ˆAφ|2g˜ = ρ40|∇ˆAφ|2g(x, t1 + ρ20t˜),
P˜r˜(x1, 0) = Bρ0 r˜(x1)× [−r˜2, r˜2],
(6.71)
we have eρ0(x1, 0) = ρ
4
0e(A, φ)(x1, t1) = 1, and
sup
P˜1(x1,0)
eρ0 = ρ
4
0 sup
Pρ0 (x1,t1)
e(A, φ) ≤ ρ40 sup
PδR+r0/2(x0,t0)
e(A, φ)
≤ ρ40f(δR+ r0/2)(δR− r0/2)−4 ≤ 16.
(6.72)
Thus
|FA + [φ, φ∗H0 ]|2g˜ + 2|∂Aφ|2g˜ ≤ 16, on P˜1(x1, 0).(6.73)
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Combining this together with Proposition 6.3 yields that
(∆g˜ − ∂
∂t˜
)(bρ0 + ρ
4
0) = ρ
6
0(∆g −
∂
∂t
)(|∇ˆAφ|2g + 1)
≥2ρ60|∇ˆA∇ˆAφ|2g − C4ρ60(|FA|g + |Rω|g + |φ|2g)|∇ˆAφ|2g
− C5ρ60(|∇ˆRω|g + |T |g|FA|g)|φ|g |∇ˆAφ|g
− C6ρ60|T |g|∇ˆAφ|g|∇ˆA∇ˆAφ|g
≥− C˜1(bρ0 + ρ40)
(6.74)
on P˜1(x1, 0), where the constant C˜1 depends only on the geometry of (X,ω) and
supX |φ0|H0 . Then by the parabolic mean value inequality and Proposition 6.4, we
observe
sup
P˜1/2(x1,0)
(bρ0 + ρ
4
0) ≤ C
∫
P˜1(x1,0)
(bρ0 + ρ
4
0)dvg˜dt˜
= Cρ2−2n0
∫
Pρ0 (x1,t1)
(|∇ˆAφ|2g + 1)dvgdt
≤ C∗ρ20 ≤ C˜2,
(6.75)
where the constant C˜2 depends only on the geometry of (X,ω) and supX |φ0|H0 .
Similarly, combining (6.75), (6.73) and Proposition 6.3, one knows that
(6.76) (∆g˜ − ∂
∂t˜
)eρ0 ≥ −C˜3eρ0
on P˜1/2(x1, 0), where the constant C˜3 depends only on the geometry of (X,ω) and
supX |φ0|H0 . Using the parabolic mean value inequality again, we can see that
1 = eρ0(x1, 0) ≤ sup
P˜1/4(x1,0)
eρ0 ≤ C
∫
P˜1/2(x1,0)
eρ0dvg˜dt˜
≤ C˜4ρ2−2n0
∫
Pρ0 (x1,t1)
e(A, φ)dvgdt,
(6.77)
where the constant C˜4 depends only on the geometry of (X,ω) and supX |φ0|H0 .
Choose normal geodesic coordinates centred at x1, and a smooth cut-off function
f ∈ C∞0 (BR/2(x1)) such that 0 ≤ f ≤ 1, f ≡ 1 on BR/4(x1), |df | ≤ 8/R on
BR/2(x1) \ BR/4(x1). Taking r1 = ρ0 and r2 = δ0R, applying the monotonicity
37
inequality, we obtain
ρ2−2n0
∫
Pρ0 (x1,t1)
e(A, φ)dvgdt
≤Cρ20
∫
Pρ0 (x1,t1)
e(A, φ)G(x1,t1+2ρ20)f
2dvgdt
≤Cρ20
∫
Tρ0 (x1,t1+2ρ
2
0
)
e(A, φ)G(x1,t1+2ρ20)f
2dvgdt
≤C∗r22
∫
Tr2 (x1,t1+2ρ
2
0
)
e(A, φ)G(x1,t1+2ρ20)f
2dvgdt+ C∗δ20R
2YMH(A0, φ0)
+ C∗(R/2)2−2n
∫
PR/2(x1,t1)
e(A, φ)dvgdt
≤C∗δ2−2n0 R2−2n
∫
PR(x0,t0)
e(A, φ)dvgdt+ C∗δ20R
2YMH(A0, φ0)
≤C˜5(δ2−2n0 ǫ0 + δ20R2YMH(A0, φ0)),
(6.78)
where the constant C˜5 depends only on the geometry of (X,ω) and supX |φ0|H0 .
Choose ǫ0, δ0 properly such that C˜4C˜5(δ
2−2n
0 ǫ0+ δ
2
0R
2YMH(A0, φ0)) < 1, and then
a contradiction occurs. So f(r0) ≤ 16, which implies
(6.79) sup
PδR(u0)
e(A, φ) ≤ 16/(δR)4.
Let r = 3δR/2, then
(6.80) sup
P3δR/2(u0)
e(A, φ) = f(3δR/2)(δR/2)−1/4 ≤ 256/(δR)4.
On P3δR/2(u0), from Proposition 6.3, Proposition 6.4 and the parabolic mean value
inequality, we derive
sup
PδR(u0)
(|∇ˆAφ|2g + 1) ≤ C
∫
P3δR/2(u0)
(|∇ˆAφ|2g + 1)dvgdt
≤ C˜6,
(6.81)
where the constant C˜6 depends only on R, δ0, supX |φ0|H0 and the geometry of
(X,ω).
7. Proof of Theorem 1.4
Theorem 7.1. Let (X,ω) be a compact Hermitian manifold of dimension n satis-
fying ∂∂¯ωn−1 = ∂∂¯ωn−2 = 0, and (E, ∂¯E , θ) be a semi-stable Higgs bundle of rank
r with the vanishing condition (1.19). Then E admits a Hermitian metric K and a
family of Hermitian metrics Hs for s ∈ (0, 1] such that
√−1ΛωtrFK is a constant
and
(7.1) sup
X
(|FHs + [θ, θ∗Hs ]−
1
r
trFK ⊗ IdE |2Hs + 2|∂Hsθ|2Hs)→ 0
as s→ 0.
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Proof. By conformal transformation, we can choose a background metric K satis-
fying
(7.2) tr {√−1Λω(FK + [θ, θ∗K ])− λ · IdE} = 0,
where the constant λ = (rVol(X,ω))−1ch1(E, ∂¯E)[ωn−1]. Let Hǫ be the solution of
the equation (5.12) for ǫ ∈ (0, 1]. From (5.16), we see that det(K−1Hǫ) = 1 and
then
(7.3) trFHǫ = trFK
for every ǫ ∈ (0, 1]. Since the Higgs bundle (E, ∂¯E , θ) is semi-stable, by Theorem
5.1, we know that
(7.4) sup
X
|√−1ΛωFHǫ,θ − λIdE |Hǫ → 0
as ǫ→ 0. According to the identity (5.8) and (7.3), we have∫
X
|FHǫ,θ −
1
r
trFK ⊗ IdE |2ω
n
n!
=
∫
X
(2|∂Hǫθ|2 + |(F 1,1Hǫ,θ)⊥|2)
ωn
n!
=
∫
X
|√−1Λω(FHǫ,θ)− λIdE |2
ωn
n!
.
(7.5)
Consider the Hermitian-Yang-Mills flow with initial metric Hǫ
(7.6)

H
−1
ǫ (t)
∂Hǫ(t)
∂t
= −2(√−1Λω(FHǫ(t) + [θ, θ∗Hǫ(t)])− λId),
Hǫ(0) = Hǫ.
It is gauge equivalent to the following Yang-Mills-Higgs flow
(7.7)


∂Aǫ(t)
∂t
= −√−1(∂Aǫ(t) − ∂¯Aǫ(t))Λω(FAǫ(t) + [φǫ(t), φ∗Hǫǫ (t)]),
∂φǫ(t)
∂t
= −[√−1Λω(FAǫ(t) + [φǫ(t), φ∗Hǫǫ (t)]), φǫ(t)],
Aǫ(0) = DHǫ,∂¯E , φǫ(0) = θ.
One can easily see that
(7.8) det(K−1Hǫ(t)) = det(H−1ǫ Hǫ(t)) = 1
and then
(7.9) trFHǫ(t) = trFK
for any ǫ ∈ (0, 1] and t ≥ 0. According to Proposition 6.1, we observe
∫
X
|FAǫ(t),φǫ(t) −
1
r
trFK ⊗ IdE |2Hǫ
ωn
n!
=
∫
X
|FHǫ(t),θ −
1
r
trFK ⊗ IdE |2Hǫ(t)
ωn
n!
=
∫
X
|√−1ΛωFHǫ(t),θ − λIdE |2Hǫ(t)
ωn
n!
≤
∫
X
|√−1ΛωFHǫ,θ − λIdE |2Hǫ
ωn
n!
.
(7.10)
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Even though we don’t have the uniform C0-estimate of Hǫ, by (5.22) and (5.14),
we still have
(7.11) sup
X
|θ|2Hǫ,ω ≤ Cˇ4
and
(7.12)
∫
X
|FHǫ,θ|2Hǫ,ω
ωn
n!
≤ Cˇ5,
where Cˇ4 and Cˇ5 are positive constants depending only on supX |θ|K,ω , supX |ΛωFK,θ|K
and the geometry of (X,ω). So, when we apply the small energy regularity for the
Hermitian-Yang-Mills flow (7.6) (or equivalently the Yang-Mills-Higgs flow (7.7))
with different initial datas Hǫ, all the constants in Theorem 6.2 are independent of
ǫ, in fact they depend only on supX |θ|K,ω, supX |ΛωFK,θ|K and the geometry of
(X,ω).
We can fix a pair of positive constants ǫ0, δ0 in Theorem 6.2 satisfying C˜4C˜5(δ
2−2n
0 ǫ0+
Cˇ5δ
2
0(iX/2)
2) < 1. Taking R = min{ 12 , iX2 , 12 (rǫ0)
1
4 (supX |trFK |2Vol(X,ω))−
1
4 }
and 0 < ǫ ≤ ǫ′ for some ǫ′ small enough, we have
R2−2n
∫
PR(u0)
|FAǫ(t),φǫ(t)|2Hǫ
ωn
n!
=R2−2n
∫
PR(u0)
(|FAǫ(t),φǫ(t) −
1
r
trFK ⊗ IdE |2Hǫ + r−1|trFK |2)
ωn
n!
≤ǫ0,
(7.13)
for any u0 ∈ X × [1,∞). By Theorem 6.2, for any δ ∈ (0, δ0), it holds that
supPδR(u0) e(Aǫ(t), φǫ(t)) ≤ 16(δR)4 and supPδR(u0) |∇ˆAǫ(t)φǫ(t)|2Hǫ ≤ C11. Therefore
for any 0 < ǫ ≤ ǫ′, we deduce
(7.14) sup
X×[1,∞)
e(Aǫ(t), φǫ(t)) ≤ Cˆ1
and
(7.15) sup
X×[1,∞)
|∇ˆAǫ(t)φǫ(t)|2 ≤ Cˆ2,
where the constants Cˆ1, Cˆ2 are independent of ǫ. Combining (7.14), (7.15) and the
inequality (6.21) in Proposition 6.3, we can find a uniform constant Cˇ6 depending
only on supX |θ|K,ω , supX |ΛωFK,θ|K and the geometry of (X,ω), such that
(∆− ∂
∂t
)(|FAǫ(t) + [φǫ(t), φǫ(t)∗Hǫ ]−
1
r
trFK ⊗ IdE |2 + 2|∂Aǫ(t)φǫ(t)|2)
≥− Cˇ6(|FAǫ(t) + [φǫ(t), φǫ(t)∗Hǫ ]−
1
r
trFK ⊗ IdE |2 + 2|∂Aǫ(t)φǫ(t)|2)
(7.16)
for any 0 < ǫ ≤ ǫ′ and t ∈ [1,∞). Applying the mean value inequality of parabolic
equation, one can see that there is a constant Cˇ7 independent of ǫ and t, such that
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for t ≥ 2 and ǫ small enough, there holds
sup
X
(|FHǫ(t) + [θ, θ∗Hǫ(t)]−
1
r
trFK ⊗ IdE |2Hǫ(t) + 2|∂Hǫ(t)θ|2Hǫ(t))
= sup
X
(|FAǫ(t) + [φǫ(t), φǫ(t)∗Hǫ ]−
1
r
trFK ⊗ IdE |2Hǫ + 2|∂Aǫ(t)φǫ(t)|2Hǫ)
≤Cˇ7
∫
X
(|FAǫ(t−1) + [φǫ(t− 1), φǫ(t− 1)∗Hǫ ]−
1
r
trFK ⊗ IdE |2Hǫ + 2|∂Aǫ(t−1)φǫ(t− 1)|2Hǫ)
ωn
n!
≤Cˇ7
∫
X
|√−1ΛωFHǫ,θ − λIdE |2Hǫ
ωn
n!
.
(7.17)
Take t = 2, then we know {Hǫ(2)} is a family of approximate Higgs-projectively
flat metrics, i.e.
(7.18) sup
X
(|FHǫ(2) + [θ, θ∗Hǫ(2)]−
1
r
trFK ⊗ IdE |2Hǫ(2) + 2|∂Hǫ(2)θ|2Hǫ(2))→ 0
as ǫ→ 0.
Replacing the Ka¨hler condition by the Gauduchon condition, one can easily get
the following lemma by a similar argument as that in [22, Proposition 2.2].
Lemma 7.1. Let (X,ω) be a compact Hermitian manifold of dimension n, satisfy-
ing ∂∂¯ωn−1 = ∂∂¯ωn−2 = 0. Let (E˜, ∂¯E˜ , θ˜) be an approximate Higgs-Hermitian flat
Higgs bundle of rank r, i.e. there exist a sequence of Hermitian metrics H˜ǫ such
that supX |FH˜ǫ,θ˜|H˜ǫ → 0 as ǫ → 0. If ς is a non-trivial θ˜-invariant holomorphic
section of E, then ς has no zeros.
Proof of Theorem 1.4. The sufficiency is easy to show by directly calculating. Here
we only prove the necessity. Suppose (E, ∂¯E , θ) is strictly semi-stable. There is a
torsion free coherent Higgs subsheaf S of minimal rank p with
(7.19)
1
rankS
degω(S) =
1
rankE
degω(E).
Thus (S, θS) is a stable torsion free Higgs sheaf, where θS is the induced Higgs field.
In the following, we prove that (S, θS) is a Higgs subbundle, i.e. S is locally free.
Consider the following exact sequence of Higgs sheaves:
(7.20) 0→ (S, θS)→ (E, θ)→ (Q, θQ)→ 0.
Let {Hǫ} be the approximate Higgs-projectively flat metrics which are constructed
in Theorem 7.1. We can define the bundle isomorphisms
(7.21) fǫ : S ⊕Q→ E
on X \Z with respect to Hǫ such that Q ≃ S⊥Hǫ , where Z is the singularity set of
S. Then the pull-back holomorphic structure and Higgs field on S ⊕Q are
f∗ǫ (∂¯E) =
(
∂¯S γǫ
0 ∂¯Q
)
, f∗ǫ (θ) =
(
θS ζǫ
0 θQ
)
,(7.22)
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where γǫ ∈ Ω0,1(Q∗ ⊗ S) is the second fundamental form and ζǫ ∈ Ω1,0(Q∗ ⊗ S).
On the basis of Gauss-Codazzi equation, we know
(7.23)
f∗ǫ (FHǫ,θ)
1,1 =
(
F 1,1HS,ǫ,θS − γǫ ∧ γ∗ǫ + ζǫ ∧ ζ∗ǫ D
1,0
S⊗Q∗γǫ + ζǫ ∧ θ∗Q + θ∗S ∧ ζǫ
D0,1S∗⊗Qγ
∗
ǫ + ζ
∗
ǫ ∧ θS + θQ ∧ ζ∗ǫ F 1,1HQ,ǫ,θQ − γ∗ǫ ∧ γǫ + ζ∗ǫ ∧ ζǫ
)
.
By (7.1), we have
(7.24)
√−1(F 1,1HS,ǫ,θS − γǫ ∧ γ∗ǫ + ζǫ ∧ ζ∗ǫ )−
1
r
trFK ⊗ IdS ≤ δǫω ⊗ IdS ,
where δǫ → 0 as ǫ→ 0. Since tr ([θS , θ∗S ]) = 0 and
√−1
2π tr (−γǫ ∧ γ∗ǫ + ζǫ ∧ ζ∗ǫ ) ≥ 0,
we conclude
(7.25) 0 ≤ rank(S)δǫω −
√−1trFHS,ǫ +
rank(S)
r
trFK
on X \ Z. The fact (7.19) gives us∫
X
(rank(S)δǫω −
√−1trFHS,ǫ +
rank(S)
r
trFK) ∧ ω
n−1
(n− 1)!
=
∫
X
n · rank(S)δǫω
n
n!
→ 0,
(7.26)
and
(7.27)
√−1trFHS,ǫ ⇀
rank(S)
r
trFK
in the sense of current, as ǫ→ 0.
Let KˆS be a smooth Hermitian metric on the determinant line bundle det(S) =
(∧pS)∗∗ such that
(7.28)
√−1ΛωFKˆS = λS =
rank(S)
r
√−1ΛωtrFK .
Set η =
√−1FKˆS −
rank(S)
r
√−1trFK . We have
0←
∫
X
(
√−1trFHS,ǫ −
rank(S)
r
trFK) ∧ η ∧ ω
n−2
(n− 2)!
=
∫
X
η ∧ η ∧ ω
n−2
(n− 2)!
=−
∫
X
|η|2ω
n
n!
.
(7.29)
Hence η = 0, i.e.
(7.30)
√−1FKˆS =
rank(S)
r
√−1trFK .
Let us consider the Higgs bundle (E˜, ∂E˜ , θ˜) = (∧pE⊗(detS)−1, θp), where θp is the
induced Higgs field on ∧pE⊗ (detS)−1. Of course (7.1) and (7.30) imply the Higgs
bundle (E˜, ∂E˜ , θ˜) is approximate Higgs-Hermitian flat, i.e. there exist a sequence of
Hermitian metrics H˜ǫ such that supX |FH˜ǫ,θ˜|H˜ǫ → 0 as ǫ → 0. A Higgs morphism
det(S) → ∧pE can be seen as a θp-invariant section of ∧pE ⊗ (detS)−1. Lemma
7.1 tells us that the non-zero Higgs morphism det(S)→ ∧pE is injective. Then by
Lemma 1.20 in [6], we know that S is a Higgs subbundle of E.
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From the exact sequence of Higgs bundles, one can see that
(7.31) ch1(S, ∂S) + ch1(Q, ∂Q) = ch1(E, ∂E),
and
(7.32) ch2(S, ∂S) + ch2(Q, ∂Q) = ch2(E, ∂E).
By (7.30) and the Gauss-Codazzi equation, there exist metrics KS and KQ such
that
(7.33)
1
rank(S)
√−1trFKS =
1
rank(Q)
√−1trFKQ =
1
rank(E)
√−1trFK ,
and then
1
rank(E)
ch1(E, ∂E) ∧ ch1(E, ∂E)
=
1
rank(S)
ch1(S, ∂S) ∧ ch1(S, ∂S) + 1
rank(Q)
ch1(Q, ∂Q) ∧ ch1(Q, ∂Q).
(7.34)
On the other hand, we know that (S, ∂S , θS) is stable and (Q, ∂Q, θQ) is semi-stable.
According to Theorem 5.1, we have the following Bogomolov type inequalities
(7.35) (−2ch2(S, ∂S) + 1
rank(S)
ch1(S, ∂S) ∧ ch1(S, ∂S)) · [ω]n−2 ≥ 0
and
(7.36) (−2ch2(Q, ∂Q) + 1
rank(Q)
ch1(Q, ∂Q) ∧ ch1(Q, ∂Q)) · [ω]n−2 ≥ 0.
So we conclude that both (S, ∂S , θS) and (Q, ∂Q, θQ) satisfy the vanishing Chern
number condition (1.19). Set (E1, θE1) = (S, θS) and then establish the desired
filtration by induction on the rank.
8. Proof of Theorem 1.5
First, under the assumption of Theorem 1.5, we can prove:
Lemma 8.1. Suppose (E, ∂¯E , θ,H) is a Higgs bundle with metric H satisfying
FH,θ = 0. Then
(8.1) H1DR(X,E) ≃ H1Dol(X,E).
Proof. We will show that for any [β] ∈ H1Dol(X,E), there is a representative β˜ ∈ [β],
such that DH,θβ˜ = 0. Consider the following equation
(8.2)
√−1ΛωD′HD
′′
Eγ = −κ.
Making use of the continuity method, one can prove that the solvability of this
equation is equivalent to the one of
(8.3)
∫
X
〈κ, ϑ〉H ω
n
n!
= 0,
for any ϑ ∈ Γ(X,E) satisfying D′′Eϑ = D
′
Hϑ = 0. By the assumption
∫
X ∂[η] ∧
ωn−1
(n−1)! = 0 for any Dolbeault class [η] ∈ H0,1(X) and D
′′
Eβ = 0, we know
(8.4)
∫
X
〈√−1ΛωD′Hβ, ϑ〉H
ωn
n!
=
∫
X
√−1∂〈β0,1, ϑ〉H ∧ ω
n−1
(n− 1)! = 0.
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Suppose γ ∈ Γ(X,E) is a solution of
(8.5)
√−1ΛωD′HD
′′
Eγ = −
√−1ΛωD′Hβ.
Let β˜ = β+D
′′
Eγ, then
√−1ΛωD′H β˜ = 0. According to (6.44), one can easily check
that
(8.6)
√−1[Λω, D′′E ] = (D
′
H)
∗ + τ∗, −√−1[Λω, D′H ] = (D
′′
E)
∗ + τ¯∗.
A simple computation gives
0 =
∫
X
〈√−1[Λω, FH,θ]β˜, β˜〉H,ω ω
n
n!
=
∫
X
〈√−1ΛωD′′ED
′
H β˜, β˜〉H,ω
ωn
n!
=
∫
X
〈√−1[Λω, D′′E ]D
′
H β˜, β˜〉H,ω
ωn
n!
=
∫
X
|D′H β˜|2H,ω
ωn
n!
+
∫
X
〈τ∗D′H β˜, β˜〉H,ω
ωn
n!
.
(8.7)
From Proposition 4.1 in [20], we can see that for any α ∈ Ω2(E) with Λωα = 0,
there holds
(8.8) (τ + τ¯∗)α =
− ∗ (d(ωn−2) ∧ (α1,1 − α2,0 − α0,2))
(n− 2)! .
Let α = D
′
H β˜. Then using Stokes formula and D
′′
E β˜ = 0, we derive∫
X
〈τ∗D′H β˜, β˜〉H,ω
ωn
n!
=
∫
X
〈− ∗ (∂¯(ω
n−2) ∧ (∂H β˜0,1 + θ∗(β˜1,0)− ∂H β˜1,0))
(n− 2)! , β˜
0,1 + β˜1,0〉H,ω ω
n
n!
=
−1
(n− 2)!
∫
X
〈∂¯ωn−2 ∧ (∂H β˜0,1 + θ∗(β˜1,0)− ∂H β˜1,0), β˜0,1 + β˜1,0〉H
=
−1
(n− 2)!
∫
X
∂¯ωn−2 ∧ 〈∂H β˜0,1, β˜0,1〉H
− 1
(n− 2)!
∫
X
∂¯ωn−2 ∧ 〈θ∗(β˜1,0), β˜0,1〉H
+
1
(n− 2)!
∫
X
∂¯ωn−2 ∧ 〈∂H β˜1,0, β˜1,0〉H
=
1
(n− 2)!
∫
X
∂¯ωn−2 ∧ 〈β˜1,0, ∂¯E β˜1,0 + θ(β˜0,1)〉H
=0.
(8.9)
Hence D
′
H β˜ = 0, and [β˜] ∈ H1DR(E).
Conversely, take [β1] ∈ H1DR(E). For any ϑ ∈ Γ(X,E) satisfying D
′′
Eϑ = D
′
Hϑ =
0, we have
(8.10)
∫
X
〈√−1ΛωD′Hβ1, ϑ〉H
ωn
n!
=
∫
X
√−1∂〈β0,11 , ϑ〉H ∧
ωn−1
(n− 1)! = 0.
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Assume γ1 ∈ Γ(X,E) is a solution of
(8.11)
√−1ΛωD
′
HD
′′
Eγ1 = −
√−1ΛωD
′
Hβ1.
Let β˜1 = β1+Dγ1, then
√−1ΛωD′′E β˜1 = 0 and
√−1ΛωD′H β˜1 = 0. Similar to (8.7),
we obtain
0 =
∫
X
〈√−1[Λω, DDcH +DcHD]β˜1, β˜1〉H,ω
ωn
n!
=
∫
X
〈√−1ΛωDDcH β˜1, β˜1〉H,ω
ωn
n!
.
(8.12)
So
−2
∫
X
|D′′E β˜1|2H,ω
ωn
n!
− 2
∫
X
〈τ¯∗D′′E β˜1, β˜1〉H,ω
ωn
n!
= 0,(8.13)
and
−2
∫
X
|D′H β˜1|2H,ω
ωn
n!
− 2
∫
X
〈τ∗D′H β˜1, β˜1〉H,ω
ωn
n!
= 0.(8.14)
Set A =
∫
X〈τ¯∗D
′′
E β˜1, β˜1〉H,ω ω
n
n! +
∫
X〈τ∗D
′
H β˜1, β˜1〉H,ω ω
n
n! . Then
A =− 1
(n− 2)!
∫
X
∂ωn−2 ∧ 〈∂¯E β˜1,01 , β˜1,01 〉H −
1
(n− 2)!
∫
X
∂ωn−2 ∧ 〈θ(β˜0,11 ), β˜1,0〉H
+
1
(n− 2)!
∫
X
∂ωn−2 ∧ 〈∂¯E β˜0,11 , β˜0,11 〉H −
1
(n− 2)!
∫
X
∂¯ωn−2 ∧ 〈∂H β˜0,1, β˜0,1〉H
− 1
(n− 2)!
∫
X
∂¯ωn−2 ∧ 〈θ∗(β˜1,0), β˜0,1〉H + 1
(n− 2)!
∫
X
∂¯ωn−2 ∧ 〈∂H β˜1,0, β˜1,0〉H .
(8.15)
It is not hard to find that A¯ = −A, so it is imaginary. Adding (8.13) and (8.14),
we get A = 0 and
(8.16)
∫
X
|D′′E β˜1|2H
ωn
n!
+
∫
X
|D′H β˜1|2H
ωn
n!
= 0.
Hence [β˜1] ∈ H1Dol(X,E).
8.1. From Higgs bundle to projectively flat bundle. First, we construct a
map j : CDol(E)→ CDR(E,α) in rank 2 case or when the length of the filtration in
Theorem 1.4 is only 2. Let (E, ∂¯E , θ) be a semi-stable Higgs bundle with vanishing
Chern number (1.19). Now we discuss the following two cases that may occur.
Case 1. (E, ∂¯E , θ) is polystable. By Theorem 1.3, there is a projectively flat
connection on E denoted by DE and (E,DE) is semi-simple. Define j mapping
from the equivalent class of (E, ∂¯E , θ) to the equivalent class of (E,DE).
Case 2. (E, ∂¯E , θ) is strictly semi-stable. By Theorem 1.4, there is a filtration
(8.17) 0 ⊂ S ⊂ E.
It induces an exact sequence of Higgs bundles
(8.18) 0→ (S, ∂¯S , θS)→ (E, ∂¯E , θ)→ (Q, ∂¯Q, θQ)→ 0,
where (S, ∂¯S , θS) and (Q, ∂¯Q, θQ) are stable Higgs bundles with vanishing Chern
number (1.19).
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LettingHS andHQ be Hermitian-Einstein metrics on the Higgs bundles (S, ∂¯S , θS)
and (Q, ∂¯Q, θQ), we have
(8.19) FHS ,θS =
1
rank(S)
√−1trFHS ⊗ IdS
and
(8.20) FHQ,θQ =
1
rank(Q)
√−1trFHQ ⊗ IdQ.
By (7.33), we know that
(8.21)
1
rank(S)
√−1trFHS =
1
rank(Q)
√−1trFHQ =
1
rank(E)
√−1trFK ,
whereK is a Hermitian metric on E such that ΛωFK is constant. For simplicity, we
denote the Hitchin-Simpson connections on (S, ∂¯S , θS) and (Q, ∂¯Q, θQ) with respect
to the Hermitian-Einstein metrics by DS and DQ. Due to (8.21), the induced Higgs
bundle (Q∗ ⊗ S, ∂¯Q∗⊗S , θQ∗⊗S) is Higgs-Hermitian flat, i.e.
(8.22) FDS⊗DQ∗ = 0.
For the exact sequence (8.18), it determines a Higgs extension class in H1Dol(Q
∗⊗
S). Choose a C∞ splitting f : S ⊕ Q → E. The pull-back of ∂¯E and θ on S ⊕ Q
can be written as:
(8.23) f∗(∂¯E) =
(
∂¯S γ
0 ∂¯Q
)
, f∗(θ) =
(
θS ξ
0 θQ
)
,
where γ ∈ Ω0,1(Q∗ ⊗ S) is the second fundamental form and ξ ∈ Ω1,0(Q∗ ⊗ S).
Setting β = γ + ξ, one can check that D
′′
Q∗⊗Sβ = 0. The Higgs extension class
can be presented by β. It is well-known that there is a one-to-one correspondence
between the equivalence class of Higgs extensions of (Q, θQ) by (S, θS) and the
elements in H1Dol(Q
∗ ⊗ S).
Let HQ∗⊗S be the Higgs-Hermitian flat metric on Q∗⊗S, DQ∗⊗S be the related
flat connection. Because of Lemma 8.1, there is a β˜ = β + D
′′
γ ∈ [β] satisfying
DQ∗⊗S β˜ = 0. Define f˜ : S ⊕Q→ E to be
(8.24) f˜ = f ◦
(
IdS γ
0 IdQ
)
,
then
(8.25) f˜∗(D
′′
E) =
(
D
′′
S β˜
0 D
′′
Q
)
.
Define the connection DE on E by
(8.26) f˜∗(DE) =
(
DS β˜
0 DQ
)
,
then (E,DE) is projectively flat, i.e.
(8.27) FDE =
1
rank(S)
√−1trFHS ⊗ IdE ,
and
(8.28) 0→ (S,DHs,θS )→ (E,DE)→ (Q,DHQ,θ)→ 0
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is an exact sequence of projective flat bundles. Define j mapping from the equivalent
class of (E, ∂¯E , θ) to the equivalent class of (E,DE).
We claim this map is well-defined. It is sufficient to prove that the map j is
independent of the choice of filtrations. Suppose we have another filtration
(8.29) 0 ⊂ S˜ ⊂ E.
The induced exact sequence is
(8.30) 0→ (S˜, ∂¯S˜ , θS˜)→ (E, ∂¯E , θ)→ (Q˜, ∂¯Q˜, θQ˜)→ 0.
Choose a suitable splitting g˜ : S˜ ⊕ Q˜→ E. The pull-back of D′′E is
(8.31) g˜∗(D
′′
E) =
(
D
′′
S˜
ρ˜
0 D
′′
Q˜
)
,
and D
′
ρ˜ = 0. Define the projectively flat connection on E by
(8.32) g˜∗(D˜E) =
(
DS˜ ρ˜
0 DQ˜
)
.
Now we need to show (E,DE) ≃ (E, D˜E). First, we have a Higgs isomorphism
(8.33) P = g˜−1 ◦ f˜ : (S ⊕Q,
(
D
′′
S β˜
0 D
′′
Q
)
)→ (S˜ ⊕ Q˜,
(
D
′′
S˜
ρ˜
0 D
′′
Q˜
)
).
That is,
(8.34) P ◦
(
D
′′
S β˜
0 D
′′
Q
)
=
(
D
′′
S˜
ρ˜
0 D
′′
Q˜
)
◦ P.
Let
(8.35) P =
(
P 11 P
2
1
P 12 P
2
2
)
,
then
(8.36)(
P 11 ◦D
′′
S P
1
1 ◦ β˜ + P 21 ◦D
′′
Q
P 12 ◦D
′′
S P
1
2 ◦ β˜ + P 22 ◦D
′′
Q
)
=
(
D
′′
S˜
◦ P 11 + ρ˜ ◦ P 12 D
′′
S˜
◦ P 21 + ρ˜ ◦ P 22
D
′′
Q˜
◦ P 12 D
′′
Q˜
◦ P 22
)
.
Comparing both sides of this equation, we get
(8.37)


D
′′
(P 12 ) = 0;
D
′′
(P 11 ) + ρ˜ ◦ P 12 = 0;
D
′′
(P 22 )− P 12 ◦ β˜ = 0;
D
′′
(P 21 ) + ρ˜ ◦ P 22 − P 11 ◦ β˜ = 0.
Using D
′′
(P 12 ) = 0, we know
√−1ΛωD′D′′(P 12 ) = 0. This means D
′
(P 12 ) = 0. By
D
′
ρ˜ = D
′
β˜ = 0, one can obtain
(8.38)
√−1ΛωD
′
D
′′
(P 11 ) = 0,
√−1ΛωD
′
D
′′
(P 22 ) = 0.
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So D
′
(P 11 ) = D
′′
(P 11 ) = 0 and D
′
(P 22 ) = D
′′
(P 22 ) = 0. From equation (8.37) and
D
′
ρ˜ = D
′
β˜ = 0, we also have
√−1ΛωD′D′′(P 21 ) = 0. Then D
′
(P 21 ) = 0 and
D
′′
(P 21 ) = 0. Together with all of the above, we see
(8.39) P ◦
(
D
′
S 0
0 D
′
Q
)
=
(
D
′
S˜
0
0 D
′
Q˜
)
◦ P.
Hence, (E,DE) ≃ (E, D˜E).
8.2. From projectively flat bundle to Higgs bundle. Now we construct a
map i : CDR(E,α) → CDol(E). Letting (E,D) ∈ CDR(E,α), by Theorem 1.3, we
only need to consider the case that (E,D) is not semi-simple. Let (S,DS) be a
D-invariant subbundle of (E,D) with minimal rank, then we have the following
exact sequence of projectively flat bundles
(8.40) 0→ (S,DS)→ (E,D)→ (Q,DQ)→ 0.
It is obvious that (S,DS) is a simple projectively flat bundle. In the following, we
suppose that rank(E) = 2 or (Q,DQ) is simple. According to Theorem 1.3, we can
get Higgs structures (∂¯S , θS) and (∂¯Q, θQ) on S andQ by choosing harmonic metrics.
It is straightforward to find that the induced Higgs bundle (Q∗⊗S, ∂¯Q∗⊗S , θQ∗⊗S) is
Higgs-Hermitian flat, i.e. FDQ∗⊗S = 0, where DQ∗⊗S is the corresponding Hitchin-
Simpson connection.
Choose a C∞ splitting f : S⊕Q→ E, then the pull-back of D can be expressed
as
(8.41) f∗(D) =
(
DS β
0 DQ
)
,
and one can check that DQ∗⊗Sβ = 0. Thus β determines a flat extension class
in H1DR(Q
∗ ⊗ S) of the flat bundle (Q∗ ⊗ S,DQ∗⊗S). By Lemma 8.1, there is a
β˜ = β +DQ∗⊗Sγ ∈ [β] satisfying D′′Q∗⊗S β˜ = 0. Define f˜ : S ⊕Q→ E to be
(8.42) f˜ = f ◦
(
IdS γ
0 IdQ
)
,
then
(8.43) f˜∗(DE) =
(
DS β˜
0 DQ
)
.
Define the holomorphic structure ∂¯E and Higgs field θE on E by
(8.44) f˜∗(∂¯E) =
(
∂¯S β˜
0,1
0 ∂¯Q
)
and f˜∗(θE) =
(
θS β˜
1,0
0 θQ
)
.
Then (E, ∂¯E , θE) is a semi-stable Higgs bundle with vanishing Chern number (1.19)
and
(8.45) 0→ (S, ∂¯S , θS)→ (E, ∂¯E , θE)→ (Q, ∂¯Q, θQ)→ 0
is an exact sequence of Higgs bundles. Define i mapping from the equivalent class
of (E,D) to the equivalent class of (E, ∂¯E , θE). We can show that this definition
is well-defined. Because the proof is very similar as that for the map j, we omit it
here.
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Proof of Theorem 1.5. From above, we define two maps i and j. It is easy to see
i ◦ j = IdCDol(E) and j ◦ i = IdCDR(E,α). So i and j are one-to-one maps, which
finishes the proof.
9. Proof of Theorem 1.6
In this section, we assume that (X,ω) is a Ka¨hler manifold. Let E = (E, ∂¯E , θ)
be a semi-stable Higgs bundle over X with vanishing Chern number (1.19). By
Theorem 1.4, there is a filtration
(9.1) 0 = E0 ⊂ E1 ⊂ · · · ⊂ El = E
by Higgs subbundles such that the quotientsQk = (Qk, ∂Qk , θk) = Ek/Ek−1 are sta-
ble Higgs bundles with vanishing Chern number (1.19) and 1rank(Qk)c1(Qk, ∂Qk) =
1
rank(E)c1(E, ∂E) =
1
2π [α]. Let Hk be the Hermitian-Einstein metric on the stable
Higgs bundle (Qk, ∂Qk , θk), then we have
(9.2)
√−1FHk,θk = α⊗ IdQK .
So every induced Higgs bundle (Q∗k ⊗Qj, ∂Q∗k⊗Qj , θQ∗k⊗Qj ) is Higgs-Hermitian flat.
In the following, we denote
(9.3) DQk = D
′
Qk
+D
′′
Qk
, D
′′
Qk
= ∂¯Qk + θk, and D
′
Qk
= ∂Hk + θ
∗Hk
k .
Take a smooth splitting f : ⊕li=1Qi → E, then the pull back of D
′′
E can be
written as
f∗(D
′′
E) =


D
′′
Q1
· · · βl1
...
. . .
...
0 · · · D′′Ql

 .(9.4)
In the following, we denote the induced Hitchin-Simpson connections on Q∗j ⊗ Qi
by D′ +D′′ for simplicity. The condition (D
′′
E)
2 = 0 implies
(9.5)


(D
′′
Qi)
2 = 0, i = 1, · · · , l;
D
′′
(βi+1i ) = 0, i = 1, · · · , l− 1;
D
′′
(βji ) +
j−1∑
k=i+1
βki ∧ βjk = 0, 1 ≤ i ≤ j − 2 ≤ l− 2.
Lemma 9.1. There exists a smooth splitting f˜ : ⊕li=1Qi → E, such that β˜ji satisfies
the equation (9.5) and D
′
β˜ji = 0 for 1 ≤ i < j ≤ l.
Proof. Let β˜i+1i = β
i+1
i +D
′′
γi+1i , where γ
i+1
i ∈ Γ(X,Q∗i+1 ⊗Qi) satisfies
(9.6)
√−1ΛωD′D′′γi+1i = −
√−1ΛωD′βi+1i .
Since (Q∗i+1 ⊗Qi, ∂Q∗i+1⊗Qi , θQ∗i+1⊗Qi) is Higgs-Hermitian flat, by (8.7), we have
(9.7) D
′
β˜i+1i = 0.
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Let hi+1i : ⊕lk=1Qk → ⊕lk=1Qk and hi+1i = ⊕lk=1IdQk ⊕ γi+1i . Define f1 = f ◦ h21 ◦
· · · ◦ hll−1. Then the straightforward computations show us
f∗1 (D
′′
E) =


D
′′
Q1
β˜21 · · · · · · ∗
0 D
′′
Q2
β˜32 · · · ∗
...
. . .
. . .
. . .
...
0 · · · 0 D′′Ql−1 β˜ll−1
0 · · · · · · 0 D′′Ql


.(9.8)
Inductively, suppose we construct a splitting fp, such that β
j
i satisfies the equa-
tion (9.5) and D
′
βji = 0 for 1 ≤ j− i ≤ p. Let β˜i+p+1i = βi+p+1i +D
′′
γi+p+1i , where
γi+p+1i ∈ Γ(X,Q∗i+p+1 ⊗Qi) satisfies
(9.9)
√−1ΛωD′D′′γi+p+1i = −
√−1ΛωD′βi+p+1i .
This equation can be solved in Ka¨hler manifolds case, because we have the following
integrability condition
(9.10)
∫
X
〈√−1ΛωD
′
βi+p+1i , ϑ〉H
ωn
n!
= 0
for any ϑ ∈ Γ(Q∗i+p+1 ⊗ Qi) satisfying D
′′
ϑ = D
′
ϑ = 0, where H is the induced
metric with respect to the Hermitian-Einstein metrics Hk. Note that (Q
∗
i+p+1 ⊗
Qi, ∂Q∗i+p+1⊗Qi , θQ∗i+p+1⊗Qi) is Higgs-Hermitian flat. Calculating directly deduces
0 =
∫
X
〈√−1[Λω, (D′′ +D′)2]β˜i+p+1i , β˜i+p+1i 〉H,ω
ωn
n!
=
∫
X
〈√−1ΛωD
′′
D
′
β˜i+p+1i , β˜
i+p+1
i 〉H,ω
ωn
n!
=
∫
X
〈√−1[Λω, D
′′
]D
′
β˜i+p+1i , β˜
i+p+1
i 〉H,ω
ωn
n!
=
∫
X
|D′ β˜i+p+1i |2H,ω
ωn
n!
,
(9.11)
where in the second equality we have used the condition D
′′
β˜i+p+1i = D
′′
βi+p+1i =
−∑i+pk=i+1 βki ∧ βi+p+1k and D′βji = 0 for 1 ≤ j − i ≤ p. Thus D′ β˜i+p+1i = 0. Set
hi+p+1i = ⊕lk=1IdQk ⊕ γi+p+1i and define fp+1 = fp ◦ h2+p1 ◦ · · · ◦ hll−p−1. Then fp+1
is a splitting satisfying equation (9.5) and D
′
βji = 0 for 1 ≤ j − i ≤ p+ 1. Finally
f˜ = fl−1 is a splitting satisfying the conditions in this lemma.
Remark 9.1. In non-Ka¨hler manifolds case, the equation (9.9) may have no so-
lutions because the right hand side of the equation may not satisfy the integrability
condition.
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Proof of Theorem 1.6. According to Lemma 9.1, we can define a projectively flat
connection on E by
f˜∗(DE) =


DQ1 β˜
2
1 · · · · · · β˜l1
0 DQ2 β˜
3
2 · · · β˜l2
...
. . .
. . .
. . .
...
0 · · · 0 DQl−1 β˜ll−1
0 · · · · · · 0 DQl

 .(9.12)
Then we can define a map j : CDol(E)→ CDR(E,α). Next, we will show this map
is well-defined. Suppose we have another filtration
(9.13) 0 = E˜0 ⊂ E˜1 ⊂ · · · ⊂ E˜l = E.
Let Q˜i = (Q˜i, ∂Q˜i , θ˜i) = E˜i/E˜i−1 and choose a suitable splitting g˜ : ⊕li=1Q˜i → E,
such that it satisfies the equations in Lemma 9.1. By the same way, we can define
a projectively flat connection D˜E on E. Assume the pull-back of D
′′
E is
g˜∗(D
′′
E) =


D
′′
Q˜1
· · · ρ˜l1
...
. . .
...
0 · · · D′′
Q˜l

 .(9.14)
Set P = g˜−1 ◦ f˜ = (P ji ), where P ji ∈ Γ(X,Q∗j ⊗ Q˜i). Then
(9.15) P ◦


D
′′
Q1
· · · β˜l1
...
. . .
...
0 · · · D′′Ql

 =


D
′′
Q˜1
· · · ρ˜l1
...
. . .
...
0 · · · D′′
Q˜l

 ◦ P.
This means
(9.16)


D
′′
(P 1l ) = 0;
D
′′
(P 1i ) +
l∑
k=i+1
ρ˜ki ◦ P 1k = 0, 1 ≤ i ≤ l − 1;
D
′′
(P jl )−
j−1∑
k=1
P kl ◦ β˜jk = 0, 2 ≤ j < l;
D
′′
(P ji ) +
l∑
k=i+1
ρ˜ki ◦ P jk −
j−1∑
k=1
P ki ◦ β˜jk = 0, 1 ≤ i ≤ l− 1, 2 ≤ j ≤ l.
Note that (Q∗j ⊗ Q˜i, ∂Q∗j⊗Q˜i , θQ∗j⊗Q˜i) is Higgs-Hermitian flat for any i and j. Using
D
′′
(P 1l ) = 0, similar to the argument in Section 8, we can show D
′
(P 1l ) = 0. By
induction, we can prove D
′
P ji = 0 for 1 ≤ i, j ≤ l, which implies (E,DE) ≃
(E, D˜E). Therefore the map j is well-defined.
Conversely, we can also define a map i : CDR(E,α)→ CDol(E) by the same way.
It is obvious that i ◦ j = IdCDol and j ◦ i = IdCDR(E,α). So j is a one-to-one map
between CDol(E) and CDR(E,α).
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